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vi ABOUT THIS BOOK

ABOUT THIS BOOK

The following three overarching themes have been fully integrated throughout the Pearson Edexcel

International Advanced Level in Mathematics series, so they can be applied alongside your learning
and practice.

1. Mathematical argument, language and proof

» Rigorous and consistent approach throughout

* Notation boxes explain key mathematical language and symbols
e Opportunities to critique arguments and justify methods

2. Mathematical problem-solving The Mathematical Problem-Solving Cycle
* Hundreds of problem-solving questions, fully integrated (7= specify the problem [
into the main exercises
» Problem-solving boxes provide tips and strategies ifePpiat Resiiles . S
e Structured and unstructured questions to build confidence A SmemamRLen

» (Challenge questions provide extra stretch
\ process and | <:,/
represent information
3. Mathematical modelling
* Dedicated modelling sections in relevant topics provide plenty of practice where you need it

» Examples and exercises include qualitative questions that allow you to interpret answers in the
context of the model

Access an online
digital edition using
the code at the

” front of the book.
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66 CHAPTER S DYRAMICS OF A PARTICLE MOVING IM A STRAJGHT LINE

DYMANICS OF & PARATICLE MOVING IN A STRAIGHT UNE | GHAFTER 4

Problem-solving boxes
provide hints, tips and
strategies, and Watch
out boxes highlight
areas where students
often lose marks in
their exams

Exercises are packed
with exam-style
questions to ensure
you are ready for the
exams
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QUALIFICATION AND ASSESSMENT OVERVIEW

QUALIFICATION AND
ASSESSMENT OVERVIEW

Qualification and content overview

Mechanics 1 (M1) is an optional unit in the following qualifications:
International Advanced Subsidiary in Mathematics

International Advanced Subsidiary in Further Mathematics
International Advanced Level in Mathematics

International Advanced Level in Further Mathematics

Assessment overview
The following table gives an overview of the assessment for this unit.

We recommend that you study this information closely to help ensure that you are fully prepared for
this course and know exactly what to expect in the assessment.

‘ Percentage ‘ Mark | Time TETIEL T (4T
M1: Mechanics 1 33% % of IAS 75 1 hour 30 mins | January, June and October
Paper code WME01/01 16% % of IAL First assessment June 2019

IAS - International Advanced Subsidiary, IAL - International Advanced A Level

Assessment objectives and weightings Minimum

weighting in
IAS and IAL

Recall, select and use their knowledge of mathematical facts, concepts and technigues in a

A variety of contexts.

30%

Construct rigorous mathematical arguments and proofs through use of precise statements,
logical deduction and inference and by the manipulation of mathematical expressions,
including the construction of extended arguments for handling substantial problems
presented in unstructured form.

AO2 30%

Recall, select and use their knowledge of standard mathematical models to represent
situations in the real world; recognise and understand given representations involving
standard models; present and interpret results from such models in terms of the original
situation, including discussion of the assumptions made and refinement of such models.

AO3 10%

Comprehend translations of common realistic contexts into mathematics; use the results of
AO4 | calculations to make predictions, or comment on the context; and, where appropriate, read 5%
critically and comprehend longer mathematical arguments or examples of applications.

Use contemporary calculator technology and other permitted resources (such as formulae
AO5 | booklets or statistical tables) accurately and efficiently; understand when not to use such 5%
technology, and its limitations. Give answers to appropriate accuracy.




QUALIFICATION AND ASSESSMENT OVERVIEW

Relationship of assessment objectives to units

Assessment objective
M1 AO1 AO2 AO3 AO4 AO5
Marks out of 75 20-25 20-25 15-20 6-11 4-9
% 265-333 265-333 20-26% 8-14% 51-12

Calculators

Students may use a calculator in assessments for these qualifications. Centres are responsible for
making sure that calculators used by their students meet the requirements given in the table below.

Students are expected to have available a calculator with at least the following keys: +, —, x, +, 7, x2,
VX, -1—, x?, Inx, e¥, x!, sine, cosine and tangent and their inverses in degrees and decimals of a degree,
and in radians; memory.

Prohibitions

Calculators with any of the following facilities are prohibited in all examinations:
« databanks

« retrieval of text or formulae

* built-in symbolic algebra manipulations

 symbolic differentiation and/or integration

» language translators

« communication with other machines or the internet



X EXTRA ONLINE CONTENT

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank
SolutionBank provides a full worked solution for every question in the book.
Download all the solutions as a PDF or quickly find the solution you need online.

Use of technology

Explore topics in more detail, visualise w Find the point of intersection O

problems and consolidate your understanding. graphically using technology.
Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

GeaGebra CASIO.

GeoGebra-powered interactives Graphic calculator interactives

e El [EXE]:Show coordinates
A=2 Yil=x2r=0__ | | -
- v2 |

Simubaneous equabors —_—_—

y
11
1,51
1
1]
\
;
4
/
= ' — e+ 1
x4 Iy =3
Schane. (2,-1} 4-1,5)
.\\
D .-S;\\'.:)~1 TR THR TRRE TRRRY
-1 E =1}
£ IIr

= = -

] 1 7 %

INTSECT

Interact with the maths you are learning Explore the maths you are learning and gain
using GeoGebra's easy-to-use tools confidence in using a graphic calculator

Calculator tutorials Finding the value of the first derivative
Our helpful video tutorials will
guide you th rough how to use ' to access the function press:
your calculator in the exams.

They cover both Casio's scientific -_ i @ Q

and colour graphic calculators.

S _

P Pearson

@ Work out each coefficient quickly using % Step-by-step guide with audio instructions on

the ”C, and power functions on your calculator. exactly which buttons to press and what should
appear on your calculator's screen



—1 MATHEMATICAL =
—~MODELS IN
Z MECHANIC

Learning objectives

/ After completing this chapter you should be able to:

® Understand how the concept of a mathematical
model applies to mechanics - pages 2-3

Understand and be able to apply some of the common
assumptions used in mechanical models

Know Sl units for quantities and derived
quantities used in mechanics

. gebe

AP o N RGN ;
;:,_;r“" | ' X \1\“\\\ K}{?/fj”j =

\ Prlnr knnwler.lge check f__ﬁ

]

Give your answers correct to 3 significant figures (s.f.)
where appropriate.

1 Solve these equations:
a 5x2-21x+4=0 b 6x2+5x=21
c 3x2-5x-4=0 d 8x2-18=0
<« International GCSE Mathematics

Find the value of x and y in these right-angled triangles:

<« International GCSE Mathematics , ._

Convert:

a 30kmh*tocms™ b 5gcm~—tokgm™
v 4+ International GCSE Mathematics

Mathematical models can be

used to find solutions to real-

world problems in many everyday

Write in standard form: situations. If you model a firework as

a 7650000 b 0.003 806 a particle you can ignore the effects
« International GCSE Mathematics of wind and air resistance.




2 CHAPTER 1 MATHEMATICAL MODELS IN MECHANICS

m Constructing a model

Mechanics deals with motion and the action of forces on objects. Mathematical models can be
constructed to simulate real-life situations (i.e. using models to create conditions that exist in real life,
in order to study those conditions). However, in many cases it is necessary to simplify a problem by
making one or more assumptions. This allows you to describe the problem using equations or graphs
in order to solve it.

The solution to a mathematical model needs to be interpreted in the context of the original problem.
It is possible that your model may need to be refined (improved with small changes) and your
assumptions reconsidered.

This flow chart summarises the mathematical modelling process:

Real-world
problem

Is your
answer
reasonable?

Set up a mathematical model
® What are your assumptions? |—3|
® What are the variables?

Solve and
interpret

Report
solution

T Reconsider
<«

assumptions
Example o m PROBLEM-SOLVING

The motion of a basketball as it leaves a player’s hand and passes through the net can be modelled
using the equation 2 =2+ 1.1x — 0.1x%, where i m is the height of the basketball above the ground
and xm is the horizontal distance travelled.

a Find the height of the basketball:

i when it is released

ii at a horizontal distance of 0.5 m.

b Use the model to predict the height of the basketball when it is at a horizontal distance of 15m
from the player.

¢ Comment on the validity of this prediction.

a1 pemlohs 2 1= Fe When the basketball is released at the start
Height = 2 m L of the motion x = 0. Substitute x = 0 into the
equation for A.

i =05 =24+l %05-01x05F o=

Reight = 2.525m — Substitute x = 0.5 into the equation for A.
B x=15 =21 215 -0l {15F -—|_,
Height = -4 m Substitute x = 15 into the equation for A.

& hcighkicannot-boinagative 5o thcimoac h represents the height of the basketball above

5 not valid when x =15 m. the ground, so it is only valid if 7 = 0.



MATHEMATICAL MODELS IN MECHANICS CHAPTER 1

Exercise @ SKILLS PROBLEM-SOLVING

1

The motion of a golf ball after it is struck by a golfer can be modelled using the equation
h = 0.36x — 0.003x?, where 2 m is the height of the golf ball above the ground and x m is the
horizontal distance travelled.

a Find the height of the golf ball when it is:
i struck ii at a horizontal distance of 100 m.

b Use the model to predict the height of the golf ball when it is at a horizontal distance of
200 m from the golfer.

¢ Comment on the validity of this prediction.

A stone is thrown into the sea from the top of a cliff. The height of the stone above sea level,
hm at time ¢s after it is thrown can be modelled by the equation /7 = =512 + 15¢ + 90.

a Write down the height of the cliff above sea level.
b Find the height of the stone:
i whent=3 ii. whent=>5.
¢ Use the model to predict the height of the stone after 20 seconds.

d Comment on the validity of this prediction.

The motion of a basketball as it leaves a player’s hand and passes through the net is modelled
using the equation =2 + 1.1x — 0.1x?, where /im is the height of the basketball above the
ground and x m is the horizontal distance travelled.

a Find the two values of x for which the basketball is exactly 4 m above the ground.

This model is valid for 0 = x = k, where & m is the horizontal distance of the net from the player.
b Given that the height of the net is 3 m, find the value of k.

¢ Explain why the model is not valid for x > k.

A car accelerates from rest to 60 kmh-!in 10 seconds. A quadratic Problem-solving
equation of the form d = kt*can be used to model the distance

C Use the information given
travelled, d metres in time ¢ seconds. &

: . . to work out the value of k.
a Given that when ¢ = 1 second the distance travelled by the car 1s

13.2 metres, use the model to find the distance travelled when the car reaches 60 km h-!.

b Write down the range of values of ¢ for which the model is valid.

The model for the motion of a golf ball given in question 1 is valid only when / is positive.
Find the range of values of x for which the model is valid.

The model for the height of the stone above sea level given in question 2 is valid only from the
time the stone is thrown until the time it enters the sea. Find the range of values of ¢ for which
the model is valid.
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@ Modelling assumptions

Modelling assumptions can simplify a problem
and allow you to analyse a real-life situation

using known mathematical techniques.

You need to understand the significance of
different modelling assumptions and how they
affect the calculations in a particular problem.

MATHEMATICAL MODELS IN MECHANICS

Modelling assumptions can affect the validity of a
model. For example, when modelling the landing
of an aeroplane flight, it would not be appropriate
to ignore the effects of wind and air resistance.

This table shows some common models and modelling assumptions that you need to know.

Model

Modelling assumptions

Particle - Dimensions of the object are
negligible.

mass of the object is concentrated at a single point
rotational forces (i.e. moving around a central fixed point)
and air resistance can be ignored

Rod - All dimensions but one are
negligible, like a pole or a beam.

mass is concentrated along a line
no thickness
rigid (does not bend or buckle)

Lamina - Object with area but negligible
thickness, like a sheet of paper.

mass is distributed across a flat surface

Uniform body - Mass is distributed
evenly.

mass of the object is concentrated at a single point at the
geometric centre of the body - the centre of mass

Light object — Mass of the object is small
compared to other masses, like a string or
a pulley.

treat object as having zero mass
tension the same at both ends of a light string

Inextensible string — A string that does
not stretch under load.

acceleration is the same in objects connected by a taut
inextensible string

Smooth surface - a surface on which it
can be assumed there is no friction.

assume that there is no friction between the surface and any
object on it

Rough surface - a surface on which there
is friction,

objects in contact with the surface experience a frictional force
if they are moving, or are acted on by a force

Wire - Rigid thin length of metal.

treated as one-dimensional

Smooth and light pulley - All pulleys
you consider will be smooth and light.

pulley has no mass
tension is the same on either side of the pulley

Bead - Particle with a hole in it for
threading on a wire or string (i.e. passing
the wire or string through the hole).

a smooth bead moves freely along a wire or string
for a smooth bead, tension is the same on either side
of the bead

Peg - A support from which a body can be
suspended or rested.

dimensionless and fixed
can be rough or smooth as specified in the question

Air resistance - Resistance experienced
as an object moves through the air.

usually modelled as being negligible

Gravity - Force of
attraction between all
objects. Acceleration due
to gravity is denoted by g.

3

g=98ms=*

[/

assume all objects with mass are attracted toward the Earth
acceleration due to Earth's gravity is uniform (i.e. the same in
all parts, at all times) and acts vertically downward

g is constant and is taken as 9.8 m s~2, unless otherwise stated
in the question
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Example o m ANALYSIS

A mass is attached to a length of string which is fixed to the ceiling.

The mass is drawn to one side with the string stretched tightly and allowed to swing.
State the effect of the following assumptions on any calculations made using this model.
a The string is light and inextensible (unable to be stretched further).

b The mass is modelled as a particle.

a lgnore the mass of the string and any stretching effect
caused by the mass.

b Ignore the rotational effect of any external forces that
are acting on it, and the effects of air resistance.

Exercise @ m ANALYSIS

1 A football is kicked by the goalkeeper from one end of the football pitch.

State the effect of the following assumptions on any calculations made using this model.
a The football is modelled as a particle.

b Air resistance is negligible.

2 An ice hockey puck is hit and slides across the ice.
State the effect of the following assumptions on any calculations made using this model.
a The ice hockey puck is modelled as a particle.

b The ice is smooth.

3 A parachutist wants to model her descent from an aeroplane to the ground. She models herself
and her parachute as particles connected by a light inextensible string. Explain why this may not
be a suitable modelling assumption for this situation.

4 A fishing rod manufacturer constructs a mathematical model to predict the behaviour of a
particular fishing rod. The fishing rod is modelled as a light rod.

a Describe the effects of this modelling assumption.

b Comment on its validity in this situation.

5 Make a list of the assumptions you might make to create simple models of the following:
a the motion of a golf ball after it is hit

b the motion of a child on a sledge going down a snow-covered hill

¢ the motion of two objects of different masses connected by a string that
passes over a pulley

d the motion of a suitcase on wheels being pulled along a path by its handle.
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@ Quantities and units

The International System of Units, (abbreviated SI from the French, Systéme international d'unités)
is the modern form of the metric system. These base Sl units are most commonly used in mechanics:

Quantity Unit Symbol M

Mass kilogram kg A common misunderstanding is that kilograms
Length/displacement | metre m measure weight, not mass. However, weight is a
- p—— . force which is measured in newtons (N).

These derived units are compound units built from the base units:

Quantity Unit Symbol
Speed/velocity metres per second ms-!
Acceleration metres per second per second | ms—?
Weight/force newton N (= kgms™)
EE o m REASONING/ARGUMENTATION
Write the following quantities in SI units. — The Sl unit of length is the metre; 1 km = 1000 m.

a 4km b 0.32grams ¢ 5.1 x 106kmh-!
The SI unit of mass is the kg; 1 kg = 1000 g.

& Akm =4 % 1000 =4000m: The answer is given in standard form.
b 0.329 =0.32 + 1000 = 3.2 x 10™%kg The Sl unit of speed is ms~1. Convert from km h-!
c 51 x 105kmh—' = 51 x 10° x 1000 - to m h=! by multiplying by 1000.

=51x 10°mh
51 x10° + (60 x 60) =142 x 10¢ms

Convert from m h=! to m s=! by dividing by 60 x 60.
The answer is given in standard form to 3 s.f.

You will encounter a variety of forces in mechanics. :

. R Normal reaction exerted
These force diagrams show some of the most on the book (i.e. applied
common forces. to it) by the table.

« The weight (or gravitational force) of an object
acts vertically downward.

* The normal reaction is the force which acts perpendicular Force exerted on the
table by the book.

(i.e. at a 90° angle to it) to a surface when an object is in v Both forces have the
contact with the surface. In this example the normal reaction same magnitude.
is due to the weight of the book resting on the surface of the table.
 Friction is a force « |f an object is being pulled  If an object is being pushed along
which opposes the along by a string, the force using a light rod, the force acting
motion between two acting on the object is called on the object is called the thrust
rough surfaces. the tension in the string. or compression in the rod.
Direction Tension
of motion in string Thrust or

Frictional in rod

force
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« Buoyancy is the upward force on a body that allows < Air resistance opposes motion. In this

it to float or rise when submerged (i.e. underneath example the weight of the parachutist
the surface) in a liquid. In this example buoyancy acts vertically downward and the air
acts to keep the boat afloat in the water. resistance acts vertically upward.

 Airresistance & W“ =

Buoyancy T

Weight l
Example o

The force diagram shows an aircraft in flight.

e’

Write down the names of the four forces
shown on the diagram.

Also known as ‘lift’, this is the upward force that
keeps the aircraft up in the air.

A upward thrust . Also known as ‘thrust’, this is the force that

B forward thrust - | propels the aircraft forward.

C weight - o - _
This is the gravitational force acting downward

D air resistance » on the aircraft.

Also known as ‘drag’, this is the force that acts in

e @  the opposite direction to the forward thrust.

1 Convert to SI units:

a 65kmh-! b 15gcm™ ¢ 30 cm per minute
d 24gm e 45%x102gcm™3 f 6.3x103kgem2

2 Write down the names of the forces shown in each of these diagrams.
a A box being pushed along rough ground b A dolphin swimming through the water

A Direction A
of motion

4
—
5B Di—ﬂ_"ﬂ
C
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¢ A toy duck being pulled along by a string d A man sliding down a hill on a sledge

2 ..
®®

Chapter review o

® 1

The motion of a cricket ball after it is hit until it lands on @ The path of the cricket ball

the cricket pitch can be modelled using the equation is modelled as a quadratic curve.

h= %(24.::: — 3x?), where im is the vertical height of the Draw a sketch for the model and

ball above the cricket pitch and x m is the horizontal use the symmetry of the curve.
distance from where it was hit. Find:

a the vertical height of the ball when it is at a horizontal distance of 2 m from where it was hit
b the two horizontal distances for which the height of the ball was 2.1 m.

Given that the model is valid from when the ball is hit to when it lands on the cricket pitch:

¢ find the values of x for which the model is valid

d work out the maximum height of the cricket ball.

A diver dives from a diving board into a swimming pool with a depth of 4.5 m. The height of the
diver above the water, im, can be modelled using # =10 — 0.58x° for 0 = x =< 5, where x m is the
horizontal distance from the end of the diving board.

a Find the height of the diver when x = 2m.

b Find the horizontal distance from the end of the diving board to the point
where the diver enters the water.

In this model the diver is modelled as a particle.
¢ Describe the effects of this modelling assumption.

d Comment on the validity of this modelling assumption for the motion
of the diver after she enters the water.

Make a list of the assumptions you might make to create simple models of the following:
a the motion of a man skiing down a snow-covered slope
b the motion of a yo-yo on a string.

In each case, describe the effects of the modelling assumptions.
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4 Convert to SI units;

a 2.5km per minute b 0.6kgcm™— ¢ 1.2x10°gcm™

5 A man throws a bowling ball in a bowling alley.

a Make a list of the assumptions you might make to create a simple model of the motion
of the bowling ball.

b Taking the direction in which the ball travels as the positive direction, state with a reason
whether each of the following are likely to be positive or negative:

i the velocity ii the acceleration.

Summary of key points

1 Mathematical models can be constructed to simulate real-life situations.
2 Modelling assumptions can be used to simplify your calculations.

3 The base Sl units most commonly used in mechanics are:

Quantity Unit Symbol
Mass kilogram kg
Length/displacement | metre m
Time second S

& The derived Sl units most commonly used in mechanics are:

Quantity Unit Symbol
Speed/velocity metres per second e
Acceleration metres per second per second | ms=?
Weight/force newton N (= kgms)
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Learning ohiectiues

After completing this chapter you should be able to:

® Understand and interpret
displacement-time graphs - pages 11-13

® Understand and interpret
velocity-time graphs - pages 13-16

® Derive the constant acceleration formulae
and use them to solve problems - pages 17-29

® Use the constant acceleration formulae to solve
problems involving vertical motion under gravity
—» pages 29-35

"E | 2 ST .
Prior knowledge check ' L

1 Foreach graph find:
i the gradient
ii the shaded area under the graph.

c Va

a Va
| 9

0 56 %

« International GCSE Mathematics

A car travels for 45 minutes at an average speed of

"
35 km h=1. Find the distance travelled. ;)' “
« International GCSE Mathematics _
A body falling freely under
" gravity can be modelled as
having constant acceleration.
You can use this to estimate the
time that a cliff diver spends in

freefall.

3 a Solve these simultaneous equations:
3x-2y=9
X+4y+4=0
b Solve 2x° + 3x — 7 = 0. Give your answers to 3 s.f.
« International GCSE Mathematics
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@ Displacement-time graphs
You can represent the motion of an object on a displacement-time graph. Displacement is always

plotted on (i.e. marked on) the vertical axis and time on the horizontal axis.

In these graphs, s represents the displacement of an object from a given point in metres
and 7 represents the time taken in seconds.

s(m) a s(m) & s(m) a
0 £(s) 0 (s) 0 £(s)
There is no change in the The displacement increases at a The displacement is increasing at
displacement over time and the constant rate over time and the object a greater rate as time increases.
object is stationary (not moving). is moving with constant velocity. The velocity is increasing and the

object is accelerating.
= Velocity is the rate of change of displacement.

* On adisplacement-time graph the gradient represents the velocity.
 |If the displacement-time graph is a straight line, then the velocity is constant.

_ displacement from starting point
= Average velocity =

time taken

total distance travelled

= Average speed = :
time taken
INTERPRETATION
A cyclist rides in a straight line for 20 minutes. d(km) 4
She waits for half an hour, then returns in a 2 7 B
straight line to her starting point in 15 minutes. "
This is a displacement—time graph for her journey. 3
a Work out the average velocity for each stage of &
the journey in kmh-'. {1]_ 2

b Write down the average velocity for the whole journey. 0 10 20 30 40 50 60 70 ((min)
¢ Work out the average speed for the whole journey.

a Journey from O to A: time = 20 min; displacement = Skm |  To convert from km min~* to km h-1
5 multiply by 60.
Average velocity = 5 = 0.25 kmmin~
D25 % EE' = 15 kel A horizontal line on the graph

indicates the cyclist is stationary.

Journey from A to B: no change in displacement

50 average velocity = O

The cyclist starts with a displacement

of 5 km and finishes with a

displacement of 0 km, so the change

= % % GO = =20 km " in.displacemr'ant is =5 km, and velocity
will be negative.

Journey from B to C: time = 15 min; displacement = =5 km1

Average velocity = 7= = — g kmmin™
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b The displacement for the whole journey is O so
At C the cyclist has returned to the

starting point.

average velocity is O.

¢ Total time = €5 min »

Total distance travelled is 5 + 5 = 10km The cyclist has travelled 5 km away
——— from the starting point and then

5 km back to the starting point.

1

e 0w 2 T
Average speed = gz = ;3 kmmin

& % 60 =9.23kmh™ (3 s.)

SKILLS INTERPRETATION

N

1 This is a displacement-time graph for a car travelling 4
along a straight road. The journey is divided into £ 1207
5 stages labelled A4 to E. i;’ il D
a Work out the average velocity for each stage of the journey. § zg: C
b State the average velocity for the whole journey. = 40- 7 1
¢ Work out the average speed for the whole journey. E 204
of—4— 1
@@@@n‘i@%@“@?’{;@“{ﬁ:«?ﬁ@@\g«?‘

® 2 Khalid drives from his home to a hotel. He drives for 2% hours A
at an average velocity of 60 km h~'. He then stops for lunch
before continuing to his hotel. The diagram shows a
displacement—time graph for Khalid’s journey.

a Work out the displacement of the hotel from Khalid’s home.

b Work out Khalid’s average velocity for his whole journey.

Problem-solving S T T

You need to work out the Time (hours)
scale on the vertical axis.

Displacement (km)

® 3 Sarah left home at 10:00 and cycled north in 4
a straight line. The diagram shows a
displacement—time graph for her journey.

a Work out Sarah’s velocity between 10:00 and 11:00.

On her return journey, Sarah continued past her
home for 3 km before returning.

e ]
]

Displacement (km)
Y

—
._:.‘:'

T T T — .
00 11:0012:00 IWUU 15:00 Time

b Estimate the time that Sarah passed her home.

|
T
!

¢ Work out Sarah’s velocity for each of the last two
stages of her journey.

d Calculate Sarah’s average speed for her entire journey.
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® 4 A ball is thrown vertically up in the air and falls to A

the ground. This is a displacement—time graph for _ 2.5

the motion of the ball. % =0

a Find the maximum height of the ball and the time En il
at which it reaches that height. x 101

b Write down the velocity of the ball when it reaches E'Z_ S ecediE anadi e SR A
its highest point. 0.00.20406081.01.21.41.61.82.0

¢ Describe the motion of the ball: Time (s)

i from the time it is thrown to the
time it reaches its highest point
ii after reaching its highest point.

@ To describe the motion you should
state the direction of travel of the ball and
whether it is accelerating or decelerating.

@ Velocity-time graphs
You can represent the motion of an object on a velocity-time graph. Velocity is always plotted on

the vertical axis and time on the horizontal axis.

In these graphs v represents the velocity of an object in metres per second and 7 represents the time
taken in seconds.

vims™)a r(ms™)a vims™)a

/

0 ((s) 0 () 0 (s)
The velocity is zero and the object is The velocity is unchanging and The velocity is increasing at a constant
stationary. the object is moving with constant rate and the object is moving with
velocity. constant acceleration.

® Acceleration is the rate of change of velocity.
* In avelocity-time graph the gradient represents the _ _
srelaratim Negative acceleration
 |f the velocity-time graph is a straight line, then the
acceleration is constant.

is sometimes described as
deceleration or retardation.

This velocity-time graph v(ms™)p
represents the motion of
an object travelling in a v e
straight line at constant :

velocity ¥"'m s~ for time
T seconds.

Area under thegraph=Vx T

F——F__________ For an object with constant velocity,
o T “:5} displacement = velocity x time

= The area between a velocity-time graph and the horizontal axis represents the distance travelled.

» For motion in a straight line with positive velocity, the area under the velocity-time graph up
to a point 7 represents the displacement at time .
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Example e LY (TE3) INTERPRETATION

The figure shows a velocity—time graph illustrating the (1),
motion of a cyclist moving along a straight road for a

period of 12 seconds. For the first 8 seconds, she moves 6
at a constant rate of 6 ms~!'. She then decelerates at

a constant rate, stopping after a further 4 seconds.

a Find the displacement from the starting point of >
the cyclist after this 12 second period. @ S 5 e
b Work out the rate at which the cyclist decelerates.
a The displacement s after 12 s is given by Model the cyclist as a particle moving in a
the area under the graph. straight line.
g %l{a + bh
1 The displacement is represented 8
i el ie by the area of the trapezium 6 \
=10 x 6 =60 __ with these sides. )
The displacement of the cyclist after 125 is You can use the formula for the
cOm. area of a trapezium to calculate this area.

b The acceleration is the gradient of the
The gradient is given by

E difference in the v-coordinates
4

gsirnenla 9 difference in the f-coordinates
The deceleration is 1.5 ms—=.

Example o LY IE3) INTERPRETATION

A particle moves along a straight line. The particle accelerates uniformly from rest to a velocity of
8 ms~! in 7 seconds. The particle then travels at a constant velocity of 8 ms™! for 57 seconds.
The particle then decelerates uniformly to rest in a further 40 seconds.

slope.

a Sketch a speed—time graph to illustrate the motion of the particle.
b Given that the total displacement of the particle is 600 m, find the value of 7.

vims™)
If the particle accelerates from rest and

—— decelerates to rest this means the initial and final
velocities are zero.

L.

= , I . AW
O T»+——D5T——><«—40— ((5) @ Explore how the area of O

the trapezium changes as the value
of T'changes using technology.
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b The area of the trapezium is:

s = é{a + bh The length of the shorter of the two parallel sides
1 - is 5T. The length of the longer side is
= 15T + 6T + 40) x & 2
2 e T+ 5T + 40 = 6T + 40.
= 41T + 40)

ThE diﬁptﬂCﬂ’ﬂSﬂt [ GOO Im.
Problem-solvin
4MT + 40) = 600 8
The displacement is equal to the area of the

trapezium. Write an equation and solve it to
10s find 7.

44T + 160 = 600
O ED .
44

: INTERPRETATION,
Exercise @ m PROBLEM-SOLVING

1 The diagram shows the speed—time graph of the v(ms™) 5
motion of an athlete running along a straight track.
For the first 4, he accelerates uniformly from rest to
a velocity of 9ms~!.

This velocity is then maintained for a further 8 s. Find: 5 i >
a the rate at which the athlete accelerates 4 12 6

1=

b the displacement from the starting point of the athlete after 12s.

2 A car is moving along a straight road. When ¢ = 0, the car passes a point 4 with velocity 10ms™!
and this velocity is maintained until 1 = 30 s. The driver then applies the brakes and the car
decelerates uniformly, coming to rest at the point B when 1 =425,

a Sketch a velocity—time graph to illustrate the motion of the car.
b Find the distance from 4 to B.

® 3 The diagram shows the velocity—time graph of v(ms™) 4
the motion of a cyclist riding along a straight road.
She accelerates uniformly from rest to 8 ms~! in 20s.
She then travels at a constant velocity of 8 ms~! for |
40 s. She then decelerates uniformly to rest in 15s. | |
Find: 0 2i0 6|[] 7'5 IFS)

o I

a the acceleration of the cyclist in the first 20 s of motion (2 marks)
b the deceleration of the cyclist in the last 15s of motion (2 marks)
¢ the displacement from the starting point of the cyclist after 75s. (2 marks)

® 4 A motorcyclist starts from rest at a point S on a straight race track. He moves with constant
acceleration for 15, reaching a velocity of 30 ms~!. He then travels at a constant velocity of
30ms~! for 7" seconds. Finally he decelerates at a constant rate coming to rest at a point F,
25 s after he begins to decelerate.
a Sketch a speed—time graph to illustrate the motion. (3 marks)
b Given that the distance between S and F is 2.4 km, calculate the time the motorcyclist
takes to travel from S to F. (3 marks)
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® 5 A train starts from a station X and moves with constant acceleration of 0.6 m s~ for 20s.
The velocity it has reached after 20s is then maintained for 7" seconds. The train then
decelerates from this velocity to rest in a further 40s, stopping at a station Y.

a Sketch a velocity—time graph to illustrate the motion of the train. (3 marks)
Given that the distance between the stations is 4.2 km, find:

b the value of T (3 marks)
¢ the distance travelled by the train while it is moving with constant velocity. (2 marks)

® 6 A particle moves along a straight line. The particle accelerates from rest to a velocity of
10ms-!in 15s. The particle then moves at a constant velocity of 10m s-! for a period of time.
The particle then decelerates uniformly to rest. The period of time for which the particle is
travelling at a constant velocity is 4 times the period of time for which it is decelerating.

a Sketch a speed—time graph to illustrate the motion of the particle. (3 marks)
b Given that the displacement from the starting point of the particle after it
comes to rest is 480 m, find the total time for which the particle is moving. (3 marks)
@ 7 A particle moves 100m in a straight line. v(ms) o
The diagram is a sketch of a velocity—time T
graph of the motion of the particle. /
The particle starts with velocity ums™! il

and accelerates to a velocity of 10ms=!in 3s. |
The velocity of 10ms-! is maintained for 7s i

0] 3 ((s)
and then the particle decelerates to rest in a
further 2s. Find:
a the value of u (3 marks)
b the acceleration of the particle in the first 3s of motion. (3 marks)

@ 8 A motorcyclist M leaves a road junction at time ¢ = 0. She accelerates from rest at a rate of
Ims~ for 8s and then maintains the velocity she has reached. A car C leaves the same road
junction as M at time ¢ = 0. The car accelerates from rest to 30ms~! in 20s and then maintains
the velocity of 30ms~!. C passes M as they both pass a pedestrian.

a On the same diagram, sketch speed—time graphs to illustrate
the motion of M and C. (3 marks)

b Find the distance of the pedestrian from the road junction. (3 marks)

Challenge

The graph shows the velocity of an object travelling
in a straight line during a 10-second time interval.

a After how long did the object change direction?
b Work out the total distance travelled by the object.

¢ Work out the displacement from the starting point
of the object after:
I 6seconds ii 10 seconds.
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@ Acceleration-time graphs

Acceleration is the rate of change of velocity.

You can represent the motion of an object on an acceleration-time graph.
Acceleration is always plotted on the horizontal axis, and time on the vertical axis.

In the following graphs, a represents the acceleration of an object in ms2
and ¢ represents the time in seconds.

a(ms™=) 4

Zero acceleration —constant velocity

r

a(ms=) A a(ms—)4

—
—

Positive acceleration; increase in velocity Negative acceleration (deceleration);
decrease in velocity

A sloping line on an acceleration-time graph represents changing acceleration
and is beyond the scope of this syllabus.

= The area between the acceleration-time graph and the horizontal axis represents the change
in velocity. In other words, the area under the acceleration-time graph for a certain interval is
equal to the change in velocity during that time interval.

Example o m PROBLEM-SOLVING
ap

The acceleration-time graph shows the motion of a o
car over a 20 second period. ¢
a Calculate the change in velocity between z:
t =0 and ¢ =10 seconds. 1_
b Given that the car was initially moving at 15 ms™, - o .
calculate the velocity after 16 seconds. _10_ 2 4 6 8 1p12 141617
¢ Draw a velocity-time graph of the motion of the car. -
d Find the distance travelled in the first 16 seconds. -3 -
g
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1

a Change invelocity = 4 X 10 = 40 ms
b Change in velocity from t = 10 to t = 15 is:
Change = =3 x6 = —18 ms™' . | Since the car is slowing down, this area
Initial velocity vo = 15 ms ™' is negative.

Velocity after 15 seconds

The change in velocity is the area under the line.

=15+40—-18 = 37 ms™' ————  The final velocity is the sum of the changes and

the initial velocity.

c VA
c0
55
50 ’,/\..
N\
45 /f N
40 / \
s b3 /
T
30 /
25—
201A
45,
10
3
0 >
O246 8101214167
d D"f—‘taﬂc'fgt‘“-wﬁ”ﬁd 1S the o under the graph. The distance travelled is the area under the
: 1 . . :
Dist = 5 x 15+ 551+ 3 X015+ 37 +———— graph of velocity. This area has been broken
= 506m down into two trapeziums.
Exercise @ Y3 INTERPRETATION an
 Exercise 9N suus < .
1 The acceleration-time graph shows the motion of e
a racing car over 10 seconds of a race. 34
Describe what is happening between: 24
1 ]
at=0 and ¢=2s
T T T T T T T T }
br=2 and t=4s ?_1:53455?3910!
¢c t=4 and ¢=8s. ¥
d Given that the initial velocity of the racing car -3
was 44 ms™!, its velocity at 1 = 8s. 4 -
_5-

2 A motorcycle accelerates at a rate of 1 ms~2 for 4 seconds,
before travelling at a constant velocity for 6 seconds.
It then decelerates at a rate of 0.5ms™2 for 4 seconds.

a Draw an acceleration-time graph to show the motion of the car.

Given that the initial velocity of the motorcycle was 18 ms™!:

b draw a velocity-time graph of the journey of the motorcycle from 7 = 0 to ¢ = 14 seconds
¢ hence, calculate the distance travelled by the motorcycle from # = 0 to £ = 14 seconds.



CONSTANT ACCELERATION CHAPTER 2

3 The velocity-time graph shows the motion of a car over 4{: “
a 20 second period. Draw an acceleration-time graph to -
show the motion of the car. i |
201
A particle is travelling along the x-axis. At time ¢ =0, 15 \
the velocity of the particle is 8 m s, and the particle is 10-
accelerating at 5 ms=2. After T seconds, the particle has 5.
constant velocity, and after (7" + 6) seconds the particle
accelerates at -4 ms=2 O 2 4 6 8% 10 12 14 16 18 20 7
Given that the velocity of the particle after (7" + 16} seconds
is-12ms: @ : .
A negative acceleration means
a draw an acceleration-time graph of the motion of the the particle is slowing down, and a
particle, giving your times in terms of T negative velocity means the particle
b find the value of T is travelling backwards.

m Constant acceleration formulae 1

A standard set of letters is used for the motion of an object moving in a straight line
with constant acceleration.

« sis the displacement. M S s
« wuis the initial velocity. Initie.xl Cons.taqt Velocity after
. ; velocity acceleration ! seconds
» visthe final velocity. . .
* aisthe acceleration. - = -
e fisthe time. Initial position Position after r seconds

You can use these letters to label a velocity-time graph representing the motion of a particle
moving in a straight line, accelerating from velocity u at time 0 to velocity v at time 1.

-

Velocity 4

'i;l_ _____________________________

Gradient of line = Y

=
Rearranging:v=u+at (O 3:( 2 )I @
s v=u+at @
u+v
s=() @

You need to know how to derive these formulae from the velocity-time graph.
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Example o S {{E3) PROBLEM-SOLVING

CONSTANT ACCELERATION

A cyclist is travelling along a straight road. She accelerates at a constant rate from a velocity of

4ms! to a velocity of 7.5m s in 40 seconds. Find:
a the distance she travels in these 40 seconds

b her acceleration in these 40 seconds.

i (“?2_ F)I’

= (—4 4_2?'5) x 40

Evg ol

The distance the cyclist travels is 230 m.

b V=u+af
?5=4+4OH *
i
a_—4o = 00875

The acceleration of the cyclist is .
00E75 ms =,

ENE o S{NEJ) PROBLEM-SOLVING

A particle moves in a straight line from a point A4 to a point B with constant deceleration 1.5ms™=.

Start by drawing a diagram.
Model the cyclist as a particle.

Write down the values you know and the values
you need to find.

You need a and you know v, 1 and 7 so you can
use v=u+at.

Substitute the values you know into the formula.
You can solve this equation to find a.

You could rearrange the formula before you
substitute the values:
_vV-u

H_T

In real-life situations values for the acceleration

are often quite small. Large accelerations feel
unpleasant and may be dangerous.

%)

The velocity of the particle at A4 is 8 ms~! and the velocity of the particle at B1s 2ms-!. Find:

a the time taken for the particle to move from A to B

b the distance from 4 to B.

After reaching B, the particle continues to move along the straight line with constant deceleration
1.5m s The particle is at the point C 6 seconds after passing through the point 4. Find:

¢ the velocity of the particle at C

d the distance from A to C.
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Fositive direction 9 Problem-solving

It's always a good idea to draw a sketch showing

=1 =1
5 m|5 . mﬁ the positions of the particle. Mark the positive
@ [ B ) direction on your sketch, and remember that
A B £ when the particle is decelerating, your value of ¢
LA e | T e will be negative.
a V=u+ at
2=i8 —1.5¢
ler=t—2
L=
=75 =
The time taken to move from A to Bis 4 s.
o (u+v
b s= ( > )f Use your answer from part a as the value of .
- (6_;_2) x 4 = 20

The distance from A to B is 20 m.

g =8 a=-15f{=6r=r

V=u-—+ at
=8+ (-1.5 x 6
=8-9=-1 The velocity at C'is negative. This means that the
The velocity of the particle is 1ms~' in the particle is moving from right to left.
irection BA.
e ; Remember that to specify a velocity it is
ds= (E "'2' ")I — necessary to give speed and direction.
+ (-1
= (%) X6 Make sure you use the correct sign when

: a4 substituting a negative value into a formula.
The distance from 4 to Cis 21m.

Example o {{(NE:3) PROBLEM-SOLVING

A car moves from traffic lights along a straight road
with constant acceleration. The car starts from rest
at the traffic lights and 30 seconds later the car passes
a speed-trap where it is registered as travelling

at 45km h!. Find:

a the acceleration of the car

m Convert all your measurements into
base Sl units before substituting values
into the formulae.

b the distance between the traffic lights and the speed-trap.

Convert into Sl units, using:

45 lkmh=) = 45 x e ma-t= [25ms" e 1km =1000m
3600
‘ 1 hour =60 x 60s = 36005
Oms™ 12.5ms"
—» —>
o e - Model the car as a particle and draw a diagram.
Lights Trap
R L R L The car starts from rest, so the initial velocity is

Zero.
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= v=u+ a
125 =0+ 30a
12.5 5

_ This is an exact answer. If you want to give an
The acceleration of the car is Fms=2. . answer using decimals, you should round to three

e o significant figures.
o 1= (437

_ ('O + 12.5
4

The distance between the traffic lights

) x 30 = 1875

and the speed-trap is 167.5 m.

Exercise m PROBLEM-SOLVING

A particle is moving in a straight line with constant acceleration 3ms~2,
At time 7 = 0, the speed of the particle is 2ms~!.
Find the speed of the particle at time 7 = 65.

2 A car is approaching traffic lights. The car is travelling with speed 10ms~!. The driver applies
the brakes to the car and the car comes to rest with constant deceleration in 16s. Modelling the
car as a particle, find the deceleration of the car.

3 A car accelerates uniformly while travelling on a straight road. The car passes two signposts
360m apart. The car takes 15s to travel from one signpost to the other. When passing the
second signpost, it has speed 28 ms~!. Find the speed of the car at the first signpost.

4 A cyclist is moving along a straight road from A to B with constant acceleration 0.5ms=2.
Her speed at 4 1s 3ms~! and it takes her 12 seconds to cycle from A4 to B. Find:

a her speed at B
b the distance from A4 to B.

5 A particle is moving along a straight line with constant acceleration from a point A to a point B,
where AB = 24m. The particle takes 6 s to move from 4 to B and the speed of the particle at B
is Sms-!. Find:

a the speed of the particle at 4

b the acceleration of the particle.

6 A particle moves in a straight line from a point 4 to a point B with constant deceleration 1.2ms=2.
The particle takes 6 s to move from A4 to B. The speed of the particle at Bis 2ms~! and the
direction of motion of the particle has not changed. Find:

a the speed of the particle at A
b the distance from A to B.
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® 7

() 10

(e 1

@ 1

A train, travelling on a straight track, is slowing down with _
: : : Convert the speeds into
constant deceleration 0.6 ms=2. The train passes one signal

i ) , m s~! before substituting.
with speed 72kmh-! and a second signal 25s later. Find:
a the speed, in kmh-!, of the train as it passes the second signal

b the distance between the signals.

A particle moves in a straight line from a point A4 to a point B with a constant deceleration
of 4ms—2. At A the particle has speed 32ms~! and the particle comes to rest at B. Find:

a the time taken for the particle to travel from 4 to B
b the distance between 4 and B.

A skier travelling in a straight line up a hill experiences a constant deceleration.
At the bottom of the hill, the skier has a speed of 16 ms~! and, after moving up
the hill for 40s, he comes to rest. Find:

a the deceleration of the skier (2 marks)

b the distance from the bottom of the hill to the point where the skier comes to rest. (4 marks)

A particle is moving in a straight line with constant acceleration.

The points 4, B and C lie on this line. The particle moves from A through B to C.
The speed of the particle at 4 is 2ms~! and the speed of the particle at Bis 7ms~!.
The particle takes 20s to move from A to B.

a Find the acceleration of the particle. (2 marks)
The speed of the particle at Cis 11 ms~!. Find:
b the time taken for the particle to move from B to C (2 marks)

¢ the distance between 4 and C. (3 marks)

A particle moves in a straight line from A to B with constant acceleration 1.5ms=2.
It then moves along the same straight line from B to C with a different acceleration.
The speed of the particle at 4 is I ms~! and the speed of the particle at Cis 43ms~!.
The particle takes 12s to move from A to B and 10s to move from B to C. Find:

a the speed of the particle at B (2 marks)
b the acceleration of the particle as it moves from B to C (2 marks)
¢ the distance from A4 to C. (3 marks)
A cyclist travels with constant acceleration xms=2, :

in a straight line, from rest to 5ms=!in 20s. She then Problem-solving

decelerates from Sms~! to rest with constant You could sketch a velocity-time
deceleration %x m s, Find: graph of the cyclist's motion and

g il i (2 marks) use the area under the graph to

. find the total distance travelled.
b the total distance she travelled. (4 marks)
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13 A particle is moving with constant acceleration in a straight line. It passes through three points,
A, B and C, with speeds 20ms~!, 30ms~! and 45ms-! respectively. The time taken to move from
A to Bis t, seconds and the time taken to move from B to C'is ¢, seconds.

t

a Show that r—] = g (3 marks)
» 3

Given also that the total time taken for the particle to move from A to Cis 50s:

b find the distance between 4 and B. (5 marks)

Challenge

A particle moves in a straight line from A to B with constant
acceleration. The particle moves from A with speed 3 m s~ It reaches
point B with speed 5 ms-!  seconds later.

One second after the first particle leaves point A, a second particle also
starts to move in a straight line from A to B with constant acceleration.

Its speed at point 4 is 4 ms-! and it reaches point B with speed 8 m 5!
at the same time as the first particle.

) The time taken for the
Aieles second particle to travel
a thevalueof 1 from A to Bis (£ — 1)

b the distance between 4 and B. seconds.

@ Constant acceleration formulae 2

u+v

You can use the formulae v=u+ atand s = ( )r to work out three more formulae.

You can eliminate ¢ from the formulae for constant acceleration.

. Rearrange the formula v = u + at
- d to make 7 the subject.
U+ V\(V—U |
S = ( > )( = ) . Substitute this expression for f into § = (“; VJ 4

208 = v — Ul

e V=12+2as - Multiply out the brackets and rearrange.

You can also eliminate v from the formulae for constant acceleration.

u+u+at
S=( )f . Substitute v = u + at into S:(“-I.")I.
2 Z
pu (224 20,
= 2 72
8= (u + %ar)t - Multiply out the brackets and rearrange.

s §= ur+%ar"—
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Finally, you can eliminate u by substituting into this formula:

s=W-—adt+ %mﬁ . Substitute u = v — at into s = ut + %ﬂta.
= 1 .42
* §=vi—-sat
® You need to be able to recall and use the five formulae for solving problems about particles
moving in a straight line with constant acceleration.
e Vy=u+at

* §= (" ; ")r M These five formulae

are sometimes referred to as the
e V=12+2das kinematics formulae or suvat
formulae.

. S=Ht+%ﬂf-’-

1
. Szvr—gat’-

Example o Y{[TE3) PROBLEM-SOLVING

A particle is moving along a straight line from A4 to B with constant acceleration 5ms=2.

The velocity of the particle at 4 is 3ms~! in the direction AB. The velocity of the particle
at B is 18 ms~! in the same direction. Find the distance from A4 to B.

Fositive direction

>

3ms™ 1&ms™
i . Write down the values you know and the values

—> —>
® o — you need to find. This will help you choose the
A B correct formula.

o I T e, W L EE T U T A
ve =y + 2as .

182 =32+ 2 x5 x%xg§ .

t is not involved so choose the formula that does
not have fin it.

324 =9+ 10s Substitute in the values you are given and solve
¢ = 324 -9 _ 315 . — the equation for s. This gives the distance you
‘ 10 ' were asked to find.

AR = Z.5m



26 CHAPTER 2 CONSTANT ACCELERATION

Example o S {{E3) PROBLEM-SOLVING

A particle is moving in a straight horizontal line with constant deceleration 4ms=2.
At time ¢ = 0 the particle passes through a point O with velocity 13ms-! travelling
toward a point A, where OA4 = 20m. Find:

a the times when the particle passes through 4

b the value of ¢ when the particle returns to O.

Positive direction The particle is decelerating so the value of a is
 negative.
13msg™
—>
, You are told the values of @, # and s and asked to
O 20m— %4 find £. You are given no information about v and
are not asked to find it so you choose the formula
8 g=-—4 =13 3=20. =% « : I 4

without v.

e P
S =ut+ Ecr.'

Problem-solving

When you use s = uf + %arz with an unknown
= 13¢f - 2¢2 value of f you obtain a quadratic equation in ¢.
212 =13t + 20 =0 You can solve this equation by factorising, or

(2t =S}t -4)=0 -b +Vb? - 4ac

20 =131 + % x (-4)2

using the quadratic formula, x =

5 2d
t=3,ort=4
Th;f particle moves through 4 twice, There are two answers. Both are correct.
27 seconds and 4 seconds after moving — The particle moves from O to A, goes beyond A
through O. and then turns around and returns to A.

b The particle returns to O when s = 0. . : _
, \ When the particle returns to O, its displacement
§=0,u=15,8=-4,1=1 (distance) from O is zero.

G A1 i
.ﬁ—u:‘+2uf

QO =13t - 21°
=13 - 21 ; ;
The first solution (¢ = 0) represents the starting
Po=cllogr o % . position of the particle. The other solution (f = %)
tells you when the particle returns to O.

The particle returns to O 6.5 seconds
after it first passed through O.

ET]E @ S {NE) PROBLEM-SOLVING

A particle P is moving on the x-axis with constant deceleration 2.5ms-2. At time ¢ = 0, the particle
P passes through the origin O, moving in the positive direction of x with velocity 15ms~!. Find:

a the time between the instant when P first passes through O and the instant when it returns to O

b the total distance travelled by P during this time.
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Fositive direction > PI’DblEI'I'I-SﬂlUIﬂg

Before you start, draw a sketch so you can see
4 ) what is happening. The particle moves through

O with a positive velocity. As it is decelerating it

. slows down and will eventually have zero velocity
0 g = at a point A, which you don’t yet know. As the
particle is still decelerating, its velocity becomes
negative, so the particle changes direction and

s = ut + zai returns to O.

a a:—2.5*u=15*£=q!=?‘

O =15¢ + % x (-2.5) x ¢ When the particle returns to O, its displacement

(distance) from O is zero.

O =60t - 5¢ -
=512 = 1) — Multiply by 4 to get whole-number coefficients.
B Ch o w2

The particle P returns to O after 12 s.

At the furthest point from O, labelled A4 in the
diagram, the particle changes direction. At that
point, for an instant, the particle has zero velocity.

s e B g 5 g e g
vZ = u2 + 2as

02 =152+2x(-25) xs

b= {50 = 20y
-l
s =i 45

FHE i calid St In the 12 s the particle has been moving it has

The total distance travelled by P is - travelled to A and back. The total distance
2o 451 = Sl travelled is twice the distance OA.

Exercise @ m PROBLEM-SOLVING

1 A particle is moving in a straight line with constant acceleration 2.5ms-2. It passes a point 4
with velocity 3ms~! and later passes through a point B, where AB = 8 m. Find the velocity of
the particle as it passes through B.

2 A car is accelerating at a constant rate along a straight horizontal road. Travelling at 8ms~!,
it passes a lamp post and 65 later it passes a sign. The distance between the lamp post and the
sign is 60 m. Find the acceleration of the car.

3 A cyclist travelling at 12ms~! applies her brakes and comes to rest after travelling 36 m in a straight
line. Assuming that the brakes cause the cyclist to decelerate uniformly, find the deceleration.

4 A train is moving along a straight horizontal track with constant acceleration. The train passes
a signal with a velocity of 54kmh-! and a second signal with a velocity of 72kmh-!.
The distance between the two signals is 500 m. Find, in ms~2, the acceleration of the train.

5 A particle moves along a straight line, with constant acceleration, from a point A4 to a point B
where AB = 48 m. At A the particle has velocity 4ms~! and at B it has velocity 16 ms~!. Find:
a the acceleration of the particle

b the time the particle takes to move from A4 to B.
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10

A particle moves along a straight line with constant acceleration 3ms—.
The particle moves 38 m in 4s. Find:

a the initial speed of the particle
b the final speed of the particle.

The driver of a car is travelling at 18 ms~! along a straight road when she sees an obstruction
ahead. She applies the brakes and the brakes cause the car to slow down to rest with a constant
deceleration of 3ms—. Find:

a the distance travelled as the car decelerates
b the time it takes for the car to decelerate from 18 ms-! to rest.

A stone is sliding across a frozen lake in a straight line. The initial speed of the stone is 12ms-1.

The friction between the stone and the ice causes the stone to slow down at a constant rate of
0.8 ms—2. Find:

a the distance travelled by the stone before coming to rest
b the speed of the stone at the instant when it has travelled half of this distance.

A particle is moving along a straight line O4 with constant acceleration 2.5ms=>. At time
t = 0, the particle passes through O with speed 8 ms-! and is moving in the direction OA.
The distance 0A4 is 40m. Find:

a the time taken for the particle to move from O to 4
b the speed of the particle at A. Give your answers to one decimal place.

A particle travels with uniform deceleration 2ms= in a horizontal line. The points 4 and B lie
on the line and AB = 32m. At time ¢ = 0, the particle passes through 4 with speed 12ms-!in

the direction AB. Find:
a the values of ¢ when the particle is at B
b the speed of the particle for each of these values of .

A particle is moving along the x-axis with constant Problem-solving

deceleration Sms=2. At time 7 = 0, the particle passes - e . -
through the origin O with velocity 12ms~! in the € partice wi paﬁs foug
-~ T : : twice. Use s = ut + Sar® to set up
positive direction. At time ¢ seconds, the particle ; :
: g : ) and solve a quadratic equation.
passes through the point A with x-coordinate 8. Find:

a the values of ¢ (3 marks)
b the speed of the particle as it passes through the point with x-coordinate —8. (3 marks)

A particle P is moving on the x-axis with constant deceleration 4ms=. At time ¢ = 0, P passes

through the origin O with speed 14ms~! in the positive direction. The point A4 lies on the axis
and OA4 = 22.5m. Find:

a the difference between the times when P passes through 4 (4 marks)
b the total distance travelled by P during the interval between these times. (3 marks)

A car is travelling along a straight horizontal road with constant acceleration. The car passes
over three consecutive points 4, B and C where AB = 100m and BC = 300m. The speed of the
car at B is 14ms~! and the speed of the car at Cis 20ms~!. Find:

a the acceleration of the car (3 marks)

b the time take for the car to travel from 4 to C. (3 marks)
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14 Two particles P and Q are moving along the same straight horizontal line with constant
accelerations 2ms~ and 3.6 ms~ respectively. At time ¢ = 0, P passes through a point 4 with
speed 4ms-!. One second later O passes through 4 with speed 3ms-!, moving in the same
direction as P.

a Write down expressions for the displacements of P and QO from A, in terms of ¢,
where ¢ seconds is the time after P has passed through A. (2 marks)

b Find the value of ¢ where the particles meet. Problem-solving

3 marks
( ) When P and Q meet, their

¢ Find the distance of 4 from the point where displacements from A are equal

the particles meet. (3 marks)

15 In an orienteering competition, a competitor moves in a straight line past three checkpoints,
P, O and R, where PO = 2.4km and OR = 11.5km. The competitor is modelled as a particle
moving with constant acceleration. She takes 1 hour to travel from P to Q and 1.5 hours to
travel from Q to R. Find:

a the acceleration of the competitor
b her speed at the instant she passes P. (7 marks)

@ Vertical motion under gravity

You can use the formulae for constant acceleration to model an object moving vertically under gravity.

® The force of gravity causes all objects to accelerate toward the Earth. If you ignore the effects of
air resistance, this acceleration is constant. It does not depend on the mass of the object.

As the force of gravity does not depend on mass, this means
that in a vacuum an apple and a feather would both accelerate
downward at the same rate.

On Earth, the acceleration due to gravity is represented by the
letter g and is approximately 9.8 m s-2.

=3

g=98ms™ g=9.8ms
The actual value of the acceleration can vary by very small
amounts in different places due to the changing radius of the earth and height above sea level.

" An object moving vertically under In mechanics questions you will always
gravity can be modelled as a use g = 9.8 ms=— unless a question specifies otherwise.
particle with a constant downward However, if a different value of g is specified (e.g.
acceleration of g=9.8 ms=. g=10ms2or g = 9.81 ms-?) the degree of accuracy in

your answer should be chosen to be consistent with this
value.

When solving problems about vertical motion

you can choose the positive direction to be @
either upward or downward. Acceleration : 15 tofal i e ther anjob) ectis i
due to gravity is always downward, so if the motion from the time it is projected (thrown)

positive direction is upward then g =-9.8 ms-2 upward to t_he i i_t SIS e
called the time of flight. The initial speed is

sometimes called the speed of projection.
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Example @ S {{E3) PROBLEM-SOLVING

CONSTANT ACCELERATION

A book falls off the top shelf of a bookcase. The shelf is 1.4 m above a wooden floor.

Find;

a the time the book takes to reach the floor

b the speed with which the book strikes the floor.

Oms™
W ® A
v
e
Fositive ,//
direction A l.4m
e
? &7_11%11 ok
a s=14
a=+958
Uu=0-
=

s = ut + 15.1:.-!-’—“ .
14=0+%x 9.8 x 1

o 1.4
1°=45= 0.2857...

PN 2Ea T = LR ...

The time taken for the book to reach the
floor is 0.53 s, to two significant figures.

1

b =14
a=38
=4
Vs

vZ2 = u? + 2as -
=02+ 2x98x14=2744

e 24 =520 . 253

The book hits the floor with speed

5.2ms™, to two significant figures.

Model the book as a particle moving in a straight
line with a constant acceleration of magnitude
9.8ms2,

As the book is moving downward throughout
its motion, it is sensible to take the downward
direction as positive.

You have taken the downward direction as
positive and gravity acts downward. Here the
acceleration is positive.

Assume the book has an initial speed of zero.

Choose the formula without v.

Solve the equation for #? and use your calculator
to find the positive square root.

Give the answer to two significant figures to be
consistent with the degree of accuracy used for
the value of g.

Choose the formula without ¢.

Use unrounded values in your calculations, but
give your final answer correct to two significant
figures.
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Example @ {{(NE:)p PROBLEM-SOLVING

A ball is projected vertically upward, from a point X which is 7m above the ground,
with speed 21 ms~!. Find:

CHAPTER 2

a the greatest height above the ground reached by the ball
b the time of flight of the ball.

Fositive
direction

Hsiqht reached

5 A

A =71
= )
a=-96
Riam o
vZ = u® + 2as

02=212+2 x (-9.8) x s =441 - 1965

441
i IeYS = 225 -
225+ 7)m = 295m -
Greatest height is 30m (2 s.f)
Bl
=2
g =—3.5
p="=

§ = ut + zat?
-7 =21t - 4.9¢

4.9¢°

-21t-7=0

—b £ /(b2 - 4ac)

l =

2d

(N MR- A x 48 x (=71

2 w49
21+ /5782 _ 21+ 24046

9.6 h 9.8
I = 452965,
ort=~=-03108 .

Time of flight is 4.65 (2 s.f.)

Problem-solving

In this sketch the upward and downward motions
have been sketched side by side. In reality they
would be on top of one another, but drawing
them separately makes it easier to see what is
going on. Remember that X'is 7 m above the
ground, so mark this height on your sketch.

At its highest point, the ball is turning around.
For an instant, it is neither going up nor down,
so its velocity is zero.

22.5m is the distance the ball has moved above
X, but X'is 7m above the ground. You must add
on another 7 m to get the greatest height above
the ground reached by the ball.

The time of flight is the total time that the ball is
in motion from the time that it is projected to the
time that it stops moving. Here the ball will stop
when it hits the ground. The point where the ball
hits the ground is 7 m below the point from which
it was projected so s =—T.

@ Use your calculator to check

solutions to quadratic equations quickly. %

Rearrange the equation and use the quadratic
formula.

Take the positive answer and round to
two significant figures.




32 CHAPTER 2

Example @ S {{E3) PROBLEM-SOLVING

CONSTANT ACCELERATION

A particle is projected vertically upward from a point O with speed ums='.
The greatest height reached by the particle is 62.5m above O. Find:

a the value of u

b the total time for which the particle is 50 m or more above O.

/.\ A
ry
Fositive wincs = st . sl et T
direction
62.5m
A v 50m
um5“T -------- .----".' ...... ST
a = {:}
g =g 5
a=-96
7

V=% + 2as -
OZ=u?+2 x (-9.8) x 62.5

N =1228
u=+/1225 = 35ms'.
B ¥=D5
=35
d=—328
e

s=ut+ %m‘e
50 = 35¢ - 49¢2
491° —35(+ 50 =0 o

-b x /(b - 4ac)
2d
35 + /(352 - 4 x 4.9 x 50)
e 9.6

_35%/245 35156525
G 9.8

l =

e GIEEG o 0rl = 19742 »
(51686...) — (1.9742..)) = 3.194 .

Particle is 50 m or more above O for 3.2 5
(2 sf)

The particle will pass through the point 50m
above O twice: once on the way up and once on
the way down.

There is no t, so you choose the formula without .

In this part, you obtain an exact answer, so there
is no need for approximation.

Two values of f need to be found: one on the way
up and one on the way down.

Write the equation in the form ax? + bx + ¢ =0
and use the quadratic formula.

Between these two times the particle is always
more than 50 m above O. You find the total time
for which the particle is 50 m or more above O by
finding the difference of these two values.
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Example @ {{(NE:)p PROBLEM-SOLVING

A ball A falls vertically from rest at the top of a tower 63 m high. At the same time as A4 begins to
fall, another ball B is projected vertically upward from the bottom of the tower with speed 21 ms-!.
The balls collide. Find the distance of the point where the balls collide from the bottom of the tower.

e Problem-solving

You must take special care with problems where
objects are moving in different directions. Here
A is moving downward and you will take the

L + acceleration due to gravity as positive. However,
3 T o B is moving upward so for B the acceleration due
4 T to gravity is negative.
..‘IIE

21 21ms l

For A, the motion is downward

¥

=
=00
5= ut + %cfrz )
You cannot find s, at this stage. You have to
.‘}'1 - 49:’2 -

express it in terms of 1.
For B, the motion is upward

==l
a=-926 -
§=ut+ 15.-::.'2
s, =21t — 42¢ .
The height of the tower is 63 m. e

As B is moving upward, the acceleration due to
gravity is negative.

You now have expressions for s, and s, in terms

of ¢.
Si+85,=63 -
4912 + (21t — 4.91°) = 63
21t = 63 Adding together the two distances gives the
gt height of the tower. You can write this as an
s, = 21t — 492 . equation in .
=2l ¥ 4P B =185
The balls collide 19 m from the bottom of the You have found 7 but you were asked for the
L distance from the bottom of the tower. Substitute

tower, to two significant figures.

Exercise @ m PROBLEM-SOLVING

1 A cliff diver jumps from a point 28 m above the surface of the water. Modelling the diver
as a particle moving freely under gravity with initial velocity 0, find:

your value for ¢ into your equation for s,.

a the time taken for the diver to hit the water
b the speed of the diver when he hits the water.

2 A particle is projected vertically upward with speed 20ms-! from a point on the ground.
Find the time of flight of the particle.
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@ 11

@ 12

@ 13

A ball is thrown vertically downward from the top of a tower with speed 18 ms-!.
[t reaches the ground in 1.6s. Find the height of the tower.

A pebble is catapulted vertically upward with speed 24 ms-!. Find:
a the greatest height above the point of projection reached by the pebble
b the time taken to reach this height.

A ball is projected upward from a point which is 4m above the ground with speed 18 ms~!. Find:
a the speed of the ball when it is 15m above its point of projection
b the speed with which the ball hits the ground.

A particle P is projected vertically downward from a point 80 m above the ground with speed
4ms-!. Find:

a the speed with which P hits the ground b the time P takes to reach the ground.

A particle P is projected vertically upward from a point X. Five seconds later, P is moving
downward with speed 10ms~!. Find:

a the speed of projection of P
b the greatest height above X attained by P during its motion.

A ball is thrown vertically upward with speed 21 ms~!. It hits the ground 4.5s later.
Find the height above the ground from which the ball was thrown.

A stone is thrown vertically upward from a point which is 3m above the ground,
with speed 16 ms~!. Find:

a the time of flight of the stone b the total distance travelled by the stone.

A particle is projected vertically upward with speed 24.5ms~!. Find the total time for which it is
21 m or more above its point of projection.

A particle is projected vertically upward from a point O Problem-solving
with speed ums~!. Two seconds later, it is still movin ;
P : = e g Use v = u + at and substitute
upward and its speed 1s sums~'. Find: " =%H_
a the value of u (3 marks)

b the time from the instant that the particle leaves O to the instant that it returns to Q. (4 marks)

A ball 4 is thrown vertically downward with speed S5ms-! from the top of a tower block

46 m above the ground. At the same time as A4 is thrown downward, another ball B is thrown
vertically upward from the ground with speed 18 ms~!. The balls collide. Find the distance of
the point where A and B collide from the point where 4 was thrown. (5 marks)

A ball is released from rest at a point which is 10 m above a Problem-solving

wooden floor. Each time the ball strikes the floor, it rebounds
with three-quarters of the speed with which it strikes the floor.
Find the greatest height above the floor reached by the ball:

Consider each bounce as
a separate motion.

a the first time it rebounds from the floor (3 marks)

b the second time it rebounds from the floor. (4 marks)
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Challenge

1 A particle P is projected vertically upward from a point O with speed 12ms-1. One second

after P has been projected from O, another particle Q is projected vertically upward from
O with speed 20m s, Find: a the time between the instant that P is projected from O and
the instant when P and Q collide, b the distance of the point where P and Q collide from O.

2 Astone is dropped from the top of a building and two seconds later another stone is thrown

vertically downward at a speed of 25ms-1. Both stones reach the ground at the same time.
Find the height of the building.

Chapter review o

1

A car accelerates in a straight line at a constant rate, starting from rest at a point A
and reaching a velocity of 45kmh-! in 20s. This velocity is then maintained and
the car passes a point B 3 minutes after leaving A.

a Sketch a velocity—time graph to illustrate the motion of the car.

b Find the displacement of the car from its starting point after 3 minutes.

A particle is moving on an axis Ox. From time 7 = 0 to time ¢ = 32s, the particle is travelling
with constant velocity 15ms~!. The particle then decelerates from 15ms~! to rest in 7" seconds.

a Sketch a velocity—time graph to illustrate the motion of the particle.
The total distance travelled by the particle is 570 m.
b Find the value of 7.

¢ Sketch a displacement—time graph illustrating the motion of the particle.

The velocity—time graph represents the motion Velocity 4
of a particle moving in a straight line accelerating
from velocity « at time 0 to velocity v at time ¢.

l:l 8 (R Fofe TS et L L S Sl e i, A, U, PP g S o by e BN

a Use the graph to show that:

. o u+v "
iv=u+at ii .sfz( )t
2
b Hence show that: 0 :
t Time
i v =12+ 2as i §=ut+ %arz il §s=vt - %m‘z
The diagram is a velocity—time graph representing p(ms™) ,

the motion of a cyclist along a straight road.
At time ¢ = 0, the cyclist is moving with velocity
ums-!. The velocity is maintained until time

t = 155, when she slows down with constant
deceleration, coming to rest when 7 = 23s. 0
The total distance she travels in 23 seconds is 152 m.

Find the value of w.

A
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5 Att=0,acaris travelling at 2ms™!. It then moves with constant acceleration of 1 ms™ for 4s.
It then moves with constant velocity for 4 s before decelerating at 2ms~ for 2s.
Draw an acceleration-time graph to represent the motion of the car.

6 A car travelling on a straight road slows down with constant deceleration. The car is travelling
at 40kmh™! as it passes a post box, and at 24kmh™! as it passes a road sign. The distance
between the road sign and the post box is 240m. Find, in ms2, the deceleration of the car.

7 A particle P is moving along the x-axis with constant deceleration 2.5ms™2. At time ¢ = 0,
P passes through the origin O with velocity 20ms-! in the direction of x increasing.
At time ¢ = 125, P is at the point A. Find:

a the distance OA b the total distance P travels in 12s.

8 A ball is thrown vertically downward from the top of a tower with speed 6 ms-!. The ball strikes
the ground with speed 25ms~!. Find the time the ball takes to travel from the top of the tower
to the ground.

9 A child drops a ball from a point at the top of a cliff which is 82 m above the sea.
The ball 1s initially at rest.

a Find:
i the time taken for the ball to reach the sea  ii the speed with which the ball hits the sea.

b State one physical factor which has been ignored in making your calculation.

® 10 A particle moves 451 m in a straight line. v(ms™) 5
The diagram shows a speed—time graph 20
illustrating the motion of the particle.
The particle starts at rest and accelerates
at a constant rate for 8s reaching a speed
of 2ums~!. The particle then travels at a : "
constant speed for 12 seconds before g 8 20 26 1(s)
decelerating uniformly, reaching a speed of #ms~! at time 7 = 26s. Find:

a the value of u
b the distance travelled by the particle while its speed is less than ums-!.

11 A train is travelling with constant acceleration along a straight track. At time ¢ = 0, the train
passes a point O, travelling with velocity 18 ms~!. At time 7 = 12s, the train passes a point P,
travelling with velocity 24 ms-!. At time 7 = 20s, the train passes a point Q. Find:

a the speed of the train at O (5 marks)
b the distance from P to Q. (2 marks)

@ 12 A particle moves along a straight line, from a point X to a point Y, with constant acceleration.
The distance from X to Y is 104 m. The particle takes 8s to move from X to Y and the speed of
the particle at Y'is 18 ms~!. Find:

a the speed of the particle at X (3 marks)
b the acceleration of the particle. (2 marks)

The particle continues to move with the same acceleration until it reaches a point Z.
At Z the speed of the particle is three times the speed of the particle at X

¢ Find the distance XZ. (4 marks)
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® 13

(E) 14

@ 15

(E/P) 16

E/P) 18

A pebble is projected vertically upward with speed 21 ms~! from a point 32m
above the ground. Find:

a the speed with which the pebble strikes the ground (3 marks)
b the total time for which the pebble is more than 40 m above the ground. (4 marks)

¢ Sketch a velocity—time graph for the motion of the pebble from the instant it is projected
to the instant it hits the ground, showing the values of ¢ at any points where the graph
intercepts the horizontal axis. (4 marks)

A car is moving along a straight road with uniform acceleration. The car passes a checkpoint 4

with speed 12ms~! and another checkpoint C with speed 32ms-!. The distance between A4 and
Cis 1100 m.

a Find the time taken by the car to move from A4 to C. (2 marks)
b Given that B is the midpoint of AC, find the speed with which the car passes B. (2 marks)

A particle is projected vertically upward with a speed of 30ms~! from a point A.
The point B is 1 metres above A. The particle moves freely under gravity and is
above B for a time 2.4s. Calculate the value of 4. (5 marks)

Two cars 4 and B are moving in the same direction along a straight horizontal road. At time
t = 0, they are side by side, passing a point O on the road. Car A4 travels at a constant speed of
30ms-!. Car B passes O with a speed of 20ms-!, and has constant acceleration of 4ms-2. Find:

a the speed of B when it has travelled 78 m from O (2 marks)
b the distance from O of 4 when B is 78 m from O (3 marks)
¢ the time when B overtakes A. (4 marks)

A car is being driven on a straight stretch of motorway at a constant velocity of 34 ms~! when
it passes a velocity restriction sign S warning of road works ahead and requiring speeds to be
reduced to 22ms~!. The driver continues at her velocity for 2 s after passing S. She then reduces
her velocity to 22 ms~! with constant deceleration of 3ms=, and continues at the lower velocity.

a Draw a velocity—time graph to illustrate the motion of the car after it passes S. (2 marks)

b Find the shortest distance before the road works that S should be placed on the
road to ensure that a car driven in this way has had its velocity reduced to 22ms-!
by the time it reaches the start of the road works. (4 marks)

A train starts from rest at station 4 and accelerates uniformly at 3x ms= until it reaches a
velocity of 30ms-!. For the next 7" seconds the train maintains this constant velocity. The train
then decelerates uniformly at xms~= until it comes to rest at a station B. The distance between
the stations is 6 km and the time taken from A to B is 5 minutes.

a Sketch a velocity—time graph to illustrate this journey. (2 marks)
b Show that 1_0 + T'= 300. (4 marks)
¢ Find the value of T and the value of x. (2 marks)
d Calculate the distance the train travels at constant velocity. (2 marks)

e Calculate the time taken from leaving 4 until reaching the
point halfway between the stations. (3 marks)
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Challenge

A ball is projected vertically upward with speed 10 ms-! from a point X,
which is 50m above the ground. T seconds after the first ball is projected
upward, a second ball is dropped from X. Initially the second ball is at
rest. The balls collide 25 m above the ground. Find the value of T

Summary of key points

1 Velocity is the rate of change of displacement.
On a displacement-time graph the gradient represents the velocity.
If the displacement-time graph is a straight line, then the velocity is constant.

displacement from starting point

2 Average velocity = time taken

total distance travelled

3 Average speed =
e5cR time taken

4 Acceleration is the rate of change of velocity.
In a velocity—time graph the gradient represents the acceleration.
If the velocity—-time graph is a straight line, then the acceleration is constant.

5 The area between a velocity—-time graph and the horizontal axis represents the distance travelled.

For motion in a straight line with positive velocity, the area under the velocity-time graph up
to a point 7 represents the displacement at time .

6 The area between the acceleration-time graph and the horizontal axis represents the change in
velocity. In other words, the area under the acceleration-time graph for a certain time interval
is equal to the change in velocity during that time interval.

7 You need to be able to use and recall the five formulae for solving problems about particles
moving in a straight line with constant acceleration.
u+v
[
=)

« V=Uu+at -3=( « V2 =1l + 2ds 'S=Hf4'%ﬂfz -Szvt—%atz

8 The force of gravity causes all objects to accelerate toward the Earth. If you ignore the effects
of air resistance, this acceleration is constant. It does not depend on the mass of the object.

9 An object moving vertically in a straight line can be modelled as a particle with a constant
downward acceleration of g =9.8 ms=.



Learning objectives

After completing this chapter you should be able to:

Prior knowledge check

3

Use vectors in two dimensions
Calculate the magnitude and direction of a vector
Understand and use position vectors

Understand vector magnitude and use vectors
in speed and distance calculations

Use vectors to solve problems in context

Write the column vector for
the translation of shape:

a AtoB
b AtoC

> pages 40-42
= pages 43-44
= pages 46-49

- pages 46-49

> pages 46-49

Qi

¢ Ao « International GCSE Mathematics

Find x to one decimal place:

+ International GCSE Mathematics

Given that ﬁ: 3a and O_ﬁ i
find vector ﬁ

Hence find the magnitude of AB. 0

A
3a

B
4b

4+ International GCSE Mathematics

C
i ¥
g )

Pilots use vector addition
to work out the resultant
vector for their speed
and heading when an
aeroplane encounters

a strong cross-wind.
Engineers also use vectors
to work out the resultant
forces acting on buildings
in construction.
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@ Working with vectors

= Avectoris a quantity which has both magnitude and direction.
These are examples of vector quantities:

Quantity Description Unit
Displacement | distance in a particular direction metre (m)
Velocity rate of change of displacement metres per second (ms™)
Acceleration | rate of change of velocity metres per second per second (ms2)
Force/weight | described by magnitude, direction and point of newton (N)

application

= A scalar quantity has magnitude only.
These are examples of scalar quantities:

Quantity Description Unit
Distance measure of length metre (m)
Speed measure of how quickly a body moves metres per second (ms1)
Time measure of ongoing events taking place second (s)
Mass measure of the quantity of matter contained inan | kilogram (kg)
object

Scalar quantities are always positive. When considering motion in a straight line
(1-dimensional), vector quantities can be positive or negative.

Example o m PROBLEM-SOLVING

A girl walks 2 km due east from a fixed point O to 4, and then 3 km due south from A to B.
Find the total distance walked and describe the displacement of B from O.

The distance the girl has walked is
2km+ 3km=5km -

Representing the girl's journey on a diagram:

Note that the distance of B from O is not the
same distance as the girl has walked.

N
oM _ 4 ~_ Adiagram is essential and gives a clear
representation of the displacement OB.
¥ 3 km
— Using Pythagoras’ theorem
B

OB? = OA? + AB? -
‘ If the question does not ask you to specify the

OB==4+ 92 =13 — direction in a particular form, then any method is
So the distance OB is 3.61km (3 a.f) acceptable.

tan/AOB = 3
/AOB = 56.3°-

Bis 3.61km from O on a bearing of 146°. —_—

A three figure bearing is always measured
clockwise from north.
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You can describe vectors using i and j notation.

YA
= A unit vector is a vector of length 1. The unit vectors along the 5
: . . : (0, 1)
Cartesian axes are usually denoted by i and j respectively. )
j
""""""" 0r 1 Lo X
= You can write any two-dimensional vector in the form ai + bj. c
By the triangle law of addition:
AC =AB + BC
= 5i + 2j

Draw a diagram to represent the vector —3i + j.

3 units in the direction of the unit vector —i and
1 unit in the direction of the unit vector j.

The diagram shows vectors a, b and ¢. Draw a diagram
to illustrate the vector addition a + b + c.

a=6Gi+3 b=3i-2j a = -3j \h\ Yc

Add the vectors together and collect upiand j
components.

a+b+c=6i+3j+3i-2j-5]=91-4j
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Exercise @ m PROBLEM-SOLVING

1 A bird flies 5km due north and then 7km due east. How far is the bird from its original position,
and in what direction?

2 A girl cycles 4km due west and then 6 km due north. Calculate the total distance she has
cycled, and her displacement from her starting point.

3 a Express the vectors vy, v,, v3, v4, ¥s and vg VA v,
using the i and j notation. >
b Find: o
i v, +v, 4l Vo
i vy + v
2
1 -
i
{} 1 T I T T *
0 l 2 3 4 S5 6 X
4 Find the magnitude of each of these vectors:
a 3i+4j b 6i - §j ¢ S5i+ 12j d 2i+4j
e 3i-5j f 4i+7j g -3i+ 5j h —4i-j
5 a=2i+3j,b=23i-4jand ¢ = 5i—j. Find the exact value of the magnitude of:
aa+b b 2a-c¢ ¢ 3b-2c
6 Find the angle that each of these vectors makes with the positive x-axis:
a 3i+4j b 6i - §j ¢ S5i+ 12j d 2i+4j
7 Find the angle that each of these vectors makes with the positive y-axis:
a 3i-Jj b 4i+7j ¢ —3i+ 5j d —4i—j
Challenge Problem-solving
_— —_— ¢
In the diagram, AB = pi + gj and AD =ri + sj. Draw the parallelogram
ABCD is a parallelogram. D on a coordinate grid, and

choose a position for the
origin that will simplify
your calculations.

Prove that the area of ABCD is ps — gr.
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@ Solving problems with vectors written using i and j notation

= When vectors are written in terms of the unit vectors i and j you can add them together by
adding the terms in i and j separately. You can subtract vectors in a similar way.

Givenp=2i+ 3jand q = 5i+j, find p + q in terms of i and j.

Rearrange with the i terms together and the j

p+q=(2i+ 3j)+ (5i+)) -
terms together,

=(2i + 5i) + (3 + ) -
=7i+ 4j.

Given a = 5i + 2jand b = 3i - 4], find 2a — b in terms of i and j.

Ll Simplify the answer.

2a = 2(5i + 2j) - » When you double a, the i term and the j term
=10 + 4i are both doubled - just the same as when you
_J _ multiply out a bracket in algebra.
2a—b = (10i + 4j) = (3i— 4)) -
- “?i - _3” Sl gl L Rearrange with the i terms together and the j
=7i+ 8] terms together.

Simplify the answer but take care when
subtracting a negative term.

= When a vector is written in terms of the unit vectors i and j you can find the magnitude using
Pythagoras’ Theorem. The magnitude of vector a is written |a|.

Given v = 3i — 7j, find the magnitude of v.

Because i and j are perpendicular vectors,
you have a right-angled triangle.

lv| =32+ (=7)2 - lv| means the magnitude of v.
=58
= 7.2 (3.a1)
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Find the angle between the vector 4i + 5j and the positive x-axis.

VA @ Always draw a diagram first.

4i + 5j
6\ ° - Identify the angle you need to find.
0 i
T We have a right-angled triangle, so finding the
; angle is straightforward.
0 =tan'(3)
@ = 51.3° (3 s.f)

Given that p = 4i + 3jand q = 2i — 6], find 4 if p + Aq 1s parallel to the vector:

aj b i+

a p=4i+3j,p=2i—-6]j

p+4iq=4i+ 3j+ A2 + Gj) - Add together p and Aq.
= 4i + 2Ji + 3j - Gij
4i+ 24i=0 "
S p +4q is parallel to j, therefore the i-component
e ~ of p+iqisO.
b p=4i+ 3j

We require the vector in the form p +4q so

=2i—6j= lg =2 — GAj -
q ] q J multiply q through by A.

p +Adq = (4i + 3j) + (24i — &4)) .
=i(4 +24) +j(3 - 64) . Rearrange with the i terms together and the j

4 +21=3-61 terms together.
==z

The i and j components must be equal so equate
them and solve for 4.

1 Given that a = 2i + 3jand b = 4i — j, find these in terms of i and j.
aa+b b 3a+b ¢ 2a-b d 2b-a
e 3a-2b f b-3a o 4b-a h 2a-3b

2 Given that a = 2i + 5jand b = 3i — j, find:
a Aif a + Ab is parallel to the vector i b 4 if ua + b is parallel to the vector j.
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3 Giventhatc=3i+4jandd =i - 2j, find:
a Aif e+ Adis parallel toi+ j b uif uc + dis parallel toi + 3j
¢ sif ¢ — sd is parallel to 2i + j d 7if d - zc is parallel to -2i + 3j.

4 In this question, the horizontal unit vectors i and j are directed due east and
due north respectively. Find the magnitude and bearing of these vectors:

a 2i+ 3 b 4i-j ¢ =3i+2j 4 203

Challenge m ADAPTIVE LEARNING

Given that a = 3i — 5j and b =1 + 4, find the values
of 1if a + Ab is perpendicular to 3i - 2j.

Comment on your answer.

| SKILLS J m The velocity of a particle as a vector

EXECUTIVE FUNCTION . o _ o ‘ . .
= The velocity of a particle is a vector in the direction of motion. Its magnitude is the speed of the

particle. The velocity is usually denoted by v.

If a particle is moving with constant velocity vm s, then after time # seconds it will have moved vt m.
The displacement is parallel to the velocity. The magnitude of the displacement is the distance from
the starting point.

A particle is moving with constant velocity v = (3i + j)ms~!. Find a the speed of the particle,
b the distance moved every 4 seconds.

a v=(3i+]), [— The speed is the magnitude of the velocity.
so speed |v| =vV32 +12 = /10
= 3.16ms' {3 sf)
b Method 1 _ _ o
D Ee e =S g Find the displacement of the particle in 4 seconds.
= (12i + 4]j)

— Displacement =v x ¢
Therefore, the distance moved is given by

T LT 2 = =i
|ve| = V122 + 42 = /144 +16 = V160 ——1_ pjstanceis magnitude of displacement.

=12.6m (3 s.f)
Method 2
v = (3i + j),
so speed = |v| =vV32 +12 = /10 * Find the speed of the particle.
= 3.lemg™!

Distance = speed x time
Use the unrounded value in your calculation.

Distance =316 x4 = 12.6m (3 5.f) =
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Exercise @ m EXECUTIVE FUNCTION

1 Find the speed of a particle moving with these velocities:
a (3i +4j)yms-! b (24i - 7)kmh~! ¢ (5i + 2j)ms~! d (-7i+4j)cms™!

2 Find the distance moved by a particle which travels for:
a 5 hours at velocity (8i + 6j) kmh™! b 10 seconds at velocity (5i — j)ms™!

¢ 45 minutes at velocity (6i + 2j) kmh-! d 2 minutes at velocity (—4i — 7j)cms™!

3 Find the speed and the distance travelled by a particle moving with:
a velocity (=3i + 4j)ms~! for 15seconds b velocity (2i + 5j)ms~! for 3 seconds

¢ velocity (5i — 2j)kmh~! for 3 hours d velocity (12i — 5j) km h~! for 30 minutes

m Solving problems involving velocity and time using vectors

= |f a particle starts from the point with position vector roand moves with constant velocity v, then
its displacement from its initial position at time 7 is vf and its position vector r is given by:

r=ry,+vt

Example @ [ECITY) ProsLEw-soOLVING

A particle starts from the point with position vector (3i + 7j)m and moves with constant velocity
(2i — j)ms~!. Find the position vector of the particle 4 seconds later.

Displacement = vt = 4(2i = j) = 8i — 4j - Distance =v x [
Fosition vector r = (3i + 7j) + (8i — 4))
=(3+8)i+(7-4)- e
= 11i + 3j o e
| Position vector after 4 seconds = position vector

of starting point + displacement.

A particle moving at a constant velocity is at the point with position vector (2i — 4j)m at time 7 = 0.
The particle is moving at a constant velocity. Five seconds later it is at the point with position
vector (12i + 16j)m. Find the velocity of the particle.

Displacement = (12i + 16j) — (2i — 4j) » You need to use the same formula r =1, + v¢,
= (12 - 2)i + (16 + 4)j but this time you are using it to find v.
= 10i + 20j

— Start by finding the displacement.
Travels 10i + 20j in 5 seconds, so

1 : i : i P
v =3(10i + 20)) = (2i + 4))ms 1 Travelling at constant velocity, so divide
displacement by time taken to obtain v.
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At time ¢ = 0, a particle has position vector 4i + 7j and is moving with speed 15ms~! in the
direction 3i — 4j. Find its position vector after 2 seconds.

The magnitude of vector 3i — 4j is
AR el 1 Start by using the speed and the direction of

motion to find the velocity.

50 a unit vector in the direction of motion is

%f3i — 4j), and the velocity is

15 x 2(3i — 4j)ms™" = (9i — 12))ms™". »

New position = (4i + 7j) + 2(3i = 12j) » 5
= (4i + 7j) + (161 — 24j)
= (4 + 18)i + (7 — 24)j

=22i = 17j — Now user=ry+ vt

You need to start with a unit vector in the
direction of motion, then multiply by the speed.
This gives you a vector in the right direction with
the required magnitude.

= The acceleration of a particle tells you how the velocity changes with time. Acceleration is a
vector, usually denoted by a. If a particle with initial velocity u moves with constant acceleration
a then its velocity, v at time 7 is given by:

v=u-+al

A particle P has velocity (-3i + jyms~! at time ¢ = 0. The particle moves with constant acceleration
a = (2i + 3j)ms~2. Find the speed of the particle after 3 seconds.

After 3 seconds, the velocity of P is

v=u+al - Using v=mu+ at
= (=31 + j) + 3 x (2i + 3j)
= (=3i + j) + (& + 2j)
= (3i + 10j)ms™
So the speed of P =132 + 102 = V109 - The speed of P is the magnitude of its velocity.
=104ma" 103 ak

= A force applied to a particle has both magnitude and direction, so force is also a vector.
The force causes the particle to accelerate:

F = ma, where m is the mass of the particle.

A constant force, FN, acts on a particle of mass 2kg for 10 seconds. The particle is initially at rest,
and 10 seconds later it has velocity (10i — 24j)ms-!. Find F.

Use v = u + ar to find the acceleration of the

(10i — 24;j) = 10a : e
particle.u = 0 as the particle is initially at rest.

S5c a=(i-24jjms2
So F =2 x (i — 2.4j) = (2i = 48))N

Using F = ma
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Exercise @ T Prosiem-soving

1 A particle P is moving with constant velocity vms~!. Initially P is at the point with position
vector r. Find the position of P ¢ seconds later if:

ar=3,v=2iand:=4 br=2i—-jv=-2jand =3
cr=i+4j,v==-3i+2jand =6 d r=-3i+2j,v=2i-3jand =5

2 A particle P moves with constant velocity v. Initially P is at the point with position vector a.
t seconds later P is at the point with position vector b. Find v when:

a a=2i+3j,b=6i+13j1=2
ba=4i+j,b=9i+16j7=5

¢ a=3i-5,b=9+7¢=3

d a=-2i+7,b=4i—8j,¢=3

e a=—4i+j,b=-12i-19j,t=4

3 A particle moving with speed vms-! in direction d has velocity vector v. Find v for these:

a v=10,d=3i-4j b v=15,d=-4i+3j
¢ v=7.5,d=-6i+ 8j d v=5/2,d=i+]j

e v=2/13 ,d =-2i + 3j f v=V/68,d=3i-5j
g v=1/60,d=—4i - 2j h v=15d=-i+2j

4 A particle P starts at the point with position vector r,. P moves with constant velocityv ms=..
After t seconds, P is at the point with position vector r.

Findrifry=2i,v=1i+ 3j,and t = 4.
Findrifry=3i—j,v=-2i+j,and t = 5.

Findryif r=4i+3j,v=2i-j,and ¢ = 3.

Findryif r=-2i + 5j, v=-2i + 3j, and 1 = 6.
Findvifry=2i+2j,r=8i-7j,and r = 3.

Find the speed of P if ry=10i — 5§, r = -2i + 9§, and 1 = 4.
Find rif ry=4i+j,r=12i - 11j, and v = 2i - 3j.

Find 7 if ry= -2i + 3j, r = 6i — 3§, and the speed of Pis4 ms-!.

— 1 (=T T+~ TN — PR o B — o -

5 The initial velocity of a particle P moving with uniform acceleration a m s-2is um s,
Find the velocity and the speed of P after f seconds in these cases:

au=>3a=3jandr=4 bu=3i-2ja=i—-j,andr=3
¢c a=2i-3j,u=-2i+j,and =2 d t=6,u=3i-2j,anda=-i
e a=2i+j, =35, and u=-3i+ 4j

6 A constant force FN acts on a particle of mass 4kg for 5 seconds. The particle was initially at
rest, and after 5 seconds it has velocity (6i — 8j)ms~!. Find F.

7 A force (2i — j) N acts on a particle of mass 2kg. If the initial velocity of the particle is (i + 3j)ms~!,
find how far it moves in the first 3 seconds.
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8

® 9

At time ¢ = 0, a particle P is at the point with position vector 4i, and moving with constant
velocity (i + j)ms~!. A second particle Q is at the point with position vector —3j and moving
with velocity vims~!. After 8 seconds, the paths of P and Q meet. Find the speed of Q.

At 2pm the coastguard spots a rowing

dinghy 500 m due south of his m In questions 9 and 10 the unit vectors
observation point. The dinghy has i and j are due east and due north respectively.

constant velocity (2i + 3j)ms~'.
a Find, in terms of ¢, the position vector of the dinghy ¢ seconds after 2 pm.

b Find the distance of the dinghy from the observation point at 2:05 pm.

At noon a ferry F1s 400m due north of an observation point O moving with constant velocity
(7i + 7j)ms~!, and a speedboat S is 500 m due east of O, moving with constant velocity
(23i + 15§)ms~".

a Write down the position vectors of F and S at time ¢ seconds after noon.

b Show that F and S will collide, and find the position vector of the point of collision.

At8 am two ships 4 and B are atr, = (i + 3j) km and rgz = (5i — 2j) km from a fixed point P.
Their velocities are v, = (2i — j)kmh-! and vz = (=i + 4j) km h-! respectively.
a Write down the position vectors of 4 and B ¢ hours later.
b Show that 7 hours after 8am the position vector of B relative to A is given by
((4 = 30)i + (=5 + 50)j) km.
¢ Show that the two ships do not collide.
d Find the distance between 4 and B at 10am.

A particle A starts at the point with position vector 12i + 12j. The initial velocity of A is
(—i+ j)ms~!, and it has constant acceleration (2i — 4j) ms=. Another particle, B, has initial
velocity ims~! and constant acceleration 2jms—2. After 3 seconds the two particles collide.

Find:
a the speeds of the two particles when they collide
b the position vector of the point where the two particles collide

¢ the position vector of B’s starting point.

Challenge m CREATIVITY

During an air show, a stunt aeroplane passes over a control tower
with velocity (20i — 100j) ms—!, and flies in a horizontal plane
with constant acceleration 6jms—2. A second aeroplane passes
over the same control tower at time ¢ seconds later, where ¢t = 0,
travelling with velocity (70i + 40j) ms—'. The second aeroplane is
flying in a horizontal plane with constant acceleration —8jms=.

Given that the two aeroplanes pass directly over one another in
their subsequent motion, find the value of .
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Chapter review o I prosLem-soLving

1 A coastguard station O monitors the movements of ships m D T e o
in a channel. At noon, the station’s radar records two '
ships moving with constant speed. Ship A is at the point
with position vector (-3i + 10j) km relative to O and has
velocity (2i + 2j)kmh-!. Ship B is at the point with position
vector (6i + j) km and has velocity (—i + 5j) kmh-1,

unit vectors i and j are directed due
east and due north respectively.

a Show that if the two ships maintain these velocities they will collide.

The coastguard radios ship A4 and orders it to reduce its speed to move with velocity (i + j)kmh-!.
Given that 4 obeys this order and maintains this new constant velocity:

b find an expression for the vector AB at time ¢ hours after noon

¢ find, to three significant figures, the distance between 4 and B at 1500 hours

d find the time at which B will be due north of A.

2 Two ships P and Q are moving along straight lines with constant velocities. Initially P is at a
point O and the position vector of Q relative to O is (12i + 6j) km, where i and j are unit vectors
directed due east and due north respectively. Ship P is moving with velocity 6ikm h~! and ship Q
is moving with velocity (-3i + 6j)kmh~!. At time 7 hours the position vectors of P and Q relative
to O are pkm and q km respectively.

a Find p and q in terms of ¢.
b Calculate the distance of O from P when ¢ = 4.

¢ Calculate the value of # when Q is due north of P.

3 A particle P moves with constant acceleration (=3i + jyms=2.
At time ¢ seconds, its velocity is vms~!. When 7 = 0, v = 5i - 3j.

a Find the value of r when P is moving parallel to the vector i.
b Find the speed of P when 7 = 5.

¢ Find the angle between the vector i and the direction of motion of P when 7 = 5.

4 A particle P of mass Skg is moving under the action of a constant force F N.
At t =0, P has velocity (5i — 3j)ms~!. At ¢ = 4s, the velocity of Pis (-11i+ 5j)ms~!. Find:

a the acceleration of P in terms of i and j
b the magnitude of F.

At 1t = 6s, Pis at the point A with position vector (28i + 6j)m relative to a fixed origin O.
At this instant the force F N is removed and P then moves with constant velocity.
Two seconds after the force has been removed, P is at the point B.

¢ Calculate the distance of B from O.

S Two boats A4 anc} B are II'}DVH}E with constant velocities. m In this question the vectors
Boat 4 moves with velocity 6ikmh-!.

i and j are horizontal unit vectors
Boat B moves with velocity (3i + 5j) kmh-!. :

in the directions due east and due
a Find the bearing on which B is moving. north respectively.
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At noon, A4 is at point O and B is 10 km due south of O. At time ¢ hours after noon,
the position vectors of 4 and B relative to O are akm and bkm respectively.

b Find expressions for a and b in terms of ¢, giving your answer in the form pi + gj.
¢ Find the time when A is due east of B.

At time ¢ hours after noon, the distance between 4 and B is dkm.

d By finding an expression for E show that ¢ = 341> — 1007 + 100.

At noon, the boats are 10 km apart.

e Find the time after noon at which the boats are again 10 km apart.

6 A small boat S, drifting in the sea, i1s modelled as a particle moving in a straight line at constant
speed. When first sighted at 09:00, S is at a point with position vector (-2i — 4j) km relative to a
fixed origin O, where i and j are unit vectors due east and due north respectively.

At 09:40, Sis at the point with position vector (4i — 6j) km. At time ¢ hours after 09:00,
S is at the point with position vector skm.

a Calculate the bearing on which S is drifting.

b Find an expression for s in terms of ¢.

At 11:00 a motor boat M leaves O and travels with constant velocity (pi + gj) kmh~!.
¢ Given that M intercepts S at 11:30, calculate the value of p and the value of 4.

7 A particle P moves in a horizontal plane. The acceleration of P is (-2i + 3j)ms—.
At time ¢ = 0, the velocity of Pis (3i — 2j)ms~.

a Find, to the nearest degree, the angle between the vector j and the direction
of motion of P when ¢ = 0.

At time ¢ seconds, the velocity of Pis vms~!. Find:
b an expression for v in terms of 7, in the form ai + bj
¢ the speed of P when 1 =4

d the time when P is moving parallel to i + j.

8 At time 7 = 0 a football player kicks a ball from the @ T —————
point A with position vector (3i + 2j)m on a horizontal G e
football field. The motion of the ball is modelled as that

of a particle moving horizontally with constant velocity
(4i + 9))ms~!. Find:

a the speed of the ball

b the position vector of the ball after ¢ seconds.

vectors i and j are horizontal vectors
due east and due north respectively.

The point B on the field has position vector (29i + 12j)m.
¢ Find the time when the ball is due north of B.

At time 7 = 0, another player starts running due north
from B and moves with constant speed vms-1I,

d Given that he intercepts the ball, find the value of v.
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9 Two ships P and Q are travelling at night with constant velocities. At midnight, P is at the point
with position vector (10i + 15§) km relative to a fixed origin O. At the same time, Q is at the
point with position vector (—16i + 26j) km. Three hours later, P is at the point with position
vector (25i + 24j) km. The ship Q travels with velocity 12ikm h-!. At time ¢ hours
after midnight, the position vectors of P and Q are pkm and qkm respectively. Find:

a the velocity of P in terms of i and j

b expressions for p and q in terms of ¢, i and j.

At time ¢ hours after midnight, the distance between P and Q is dkm.
¢ By finding an expression for P_gi show that d? = 582 — 4307 + 797.

Weather conditions are such that an observer on P can see the lights on Q only when the
distance between P and Q is 13km or less.

d Given that when ¢ = 2 the lights on O move into sight of the observer, find the time,
to the nearest minute, at which the lights on Q move out of sight of the observer.

10 The velocity of a car 1s given by v = (12i — 10j) ms~!. Find:
a the speed of the car

b the angle that the direction of motion of the car makes with the unit vector i.

11 The acceleration of a motorbike is given by a = (3i — 4j) ms—=.

Find:
- Problem-solving

a the magnitude of the acceleration
Draw a sketch to help you find the direction.

j acts in the positive y-direction, so the angle
between j and the vector 3i — 4j will be obtuse.

b the angle that the direction of the
acceleration vector makes with the
unit vector j.

Challenge

The point B lies on the line with equation 3y = 15 — 5x.

— 34 — : z
Given that |OB| = o find two possible expressions for OB in the form pi + gj.
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Summary of key points

1 Avector is a quantity which has both magnitude and direction.

2 The unit vectors along the Cartesian axes are usually denoted by i and j respectively.
You can write any two-dimensional vector in the form ai + bj.

3 When vectors are written in terms of the unit vectors i and j you can add them together by
adding the terms in i and the terms in j separately. You subtract vectors in a similar way.

4 When a vector is given in terms of the unit vectors i and j you can find its magnitude using
Pythagoras’ Theorem. The magnitude of a vector a is written |a|.

5 The velocity of a particle is a vector in the direction of motion. The magnitude of the velocity
is the speed of the particle. The velocity is usually denoted by v.

6 If a particle starts from the point with position vector ry and moves with constant velocity v,
its displacement from its initial position at time 7 is v# and its position vector r is given by

r=ry+ vl

7 The acceleration of a particle tells you how the velocity changes with time. Acceleration
is a vector, usually denoted by a. If a particle with initial velocity u moves with constant
acceleration a then its velocity, v, at time ¢ is given by

v=u-+ al

8 Aforce applied to a particle has both a magnitude and a direction, so force is also a vector.
The force causes the particle to accelerate:

F = ma, where m is the mass of the particle

9 If a particle is resting in equilibrium then the resultant of all the forces acting on it is zero.
This means that the sum of the vectors of the forces is the zero vector.



4 DYNAMICS OF A
PARTICLE MOVING
IN A STRAIGHT LINE

Leammgmectms Sl T | :;

After completing this chapter you should be able to:

Draw force diagrams and calculate resultant forces - pages 55-57
Understand and use Newton’s first law of motion - pages 55-57
Calculate resultant forces by adding vectors - pages 58-60
Understand and use Newton’s second law of motion, F'= ma - pages 60-64

Apply Newton's second law to vector forces and acceleration - pages 64-67
Solve problems involving connected particles - pages 67-70
Understand and use Newton’s third law of motion - pages 68-70
Solve problems involving pulleys - pages 71-75

Prior knowledge check

1 Calculate:
a (2i+j) + 3i-4j) b (—i+3j)—-(3i-})

<« International GCSE Mathematics

The diagram shows a
right-angled triangle.

Work out: 12em
a the length of the
_| (L
hypotenuse
: 15cm

b the size of the angle a. |

i i i Rl "y i Th £y
Give your answers correct to 1 d.p. < International GCSE Mathematics 7 a:"_; The weight of an air-sea Et}

3 Acar starts from rest and accelerates at a constant rate of 1.5ms™. £ 58 rescue crew man is S %
a Work out the velocity of the car after 12 seconds. ©o7% 7 balanced by the tension in --
After 12 seconds, the driver brakes, causing the car to decelerate at T,_‘_;__"_-f - the cable. By modelling the ;:‘_1'. e
a constant rate of 1 ms=. B forces in this situation, you [RESSsSSSS

. b Calculate the distance the car travels from the instant the driver can calculate how strong i

- brakes until the car comes to rest. « Mechanics 1, Chapter 2 the cable needs to be. a
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m Force diagrams

A force diagram is a diagram showing all the forces acting on an object. Each force is shown as an
arrow pointing in the direction in which the force acts. Force diagrams are used to model problems
involving forces.

Example o S [NE3) INTERPRETATION

A block of weight I is being pulled to the right by a force, P, across a rough horizontal plane.
Draw a force diagram to show all the forces acting on the block.

R is the normal reaction of the rough horizontal

R .

A plane on the block. « Mechanics 1 Section 1.3
TF‘ L8 L Pis the force pulling the block.

i . : o

W . l_ Fis the resistance due to friction between the

block and the plane.

—— W is the weight of the block.

When the forces acting upon an object are balanced, the object is said to be in equilibrium.

= Newton’s first law of motion states that an object at _
R Blect . ith Constant velocity
rest will stay at rest, and that an object moving wi Eals o heltner the coeey

cnnStFnt velocity will continue to move with cunst?nt nor the direction is changing.
velocity unless an unbalanced force acts on the object.

When there is more than one force acting on an object you can resolve the forces in a certain direction
to find the resultant force in that direction. The direction you are resolving in becomes the positive
direction. You add forces acting in this direction and subtract forces acting in the opposite direction.

In your answers, you can use the letter R, together with an arrow, R(7), to indicate the direction in
which you are resolving the forces.

In this section you will only resolve forces that are horizontal or vertical.

® A resultant force acting on an object will cause the object
to accelerate in the same direction as the resultant force.

Example o (L&)  INTERPRETATION

The diagram shows the forces acting on a particle. 30N
a Draw a force diagram to represent the resultant force. l
b Describe the motion of the particle. 20N <

T » 20N

10N
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a 20N- R(—): 20 — 20 = 0, so the horizontal forces are
balanced.
R(T): 30 — 10 = 20, so the resultant force is 20N
upward.

b The particle is accelerating vpward.

L {|NE3 INTERPRETATION

1 A box is at rest on a horizontal table. Draw a force diagram to show all the forces acting on
the box.

2 A trapeze bar is suspended motionless from the ceiling by two ropes. Draw a force diagram to
show the forces acting on the ropes and the trapeze bar.

3 Ignoring air resistance, draw a diagram to show the forces acting on an apple as it falls from
a tree,

4 A car’s engine applies a force parallel to the surface of a horizontal road that causes the car to
move with constant velocity. Considering the resistance to motion, draw a diagram to show the
forces acting on the car.

5 An air-sea rescue crew member is suspended motionless from a helicopter. Ignoring air
resistance, show all the forces acting on him.

® 6 A satellite orbits the Earth at constant speed. Problem-solving

State, with a reason, whether any resultant force

is acting on the satellite. Consider the velocity of the

satellite as it orbits the Earth.

7 A particle of weight 5 N sits at rest on a horizontal plane. State the value of the normal reaction
acting on the particle.

8 Given that each of the particles is stationary, work out the value of P:

a p b 10N C 10N
A A A
O IONe—(O—>»P SON+—(O) f‘pi s
v v v
10N 10N 10N

9 A platform is lifted vertically at constant velocity as shown in
the diagram.

—P
— ~

a Ignoring air resistance, work out the tension, 7"in each rope.

The tension in each rope is reduced by 50 N. l
b Describe the resulting motion of the platform. 400N
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10 The diagram shows a particle acted on by a set of forces. 5¢N
Given that the particle is at rest, find the value of p and
the value of ¢.
50N < »pN
3pN
(g+ 10)N
® 11 2iven th.?it the Partic!ehin this y Problem-solving
lagram 1s moving with constant
velfcity b find thge values (3P-20)N Set up two simultaneous
of P anll Q i equations.
' 25N < T » (2P + Q)N
20N
12 Each diagram below shows the forces acting on a particle.
i Work out the size and direction of the resultant force.
ii Describe the motion of the particle.
a 40N b 10N
‘ 1
100N «—(O—» 100N SN« T » 25N
v
20N 10N

13 A truck is moving along a horizontal level road. The truck’s engine provides a forward thrust of
10000 N. The total resistance is modelled as a constant force of magnitude 1600 N.

a Modelling the truck as a particle, draw a force diagram to show the forces acting on the truck.

b Calculate the resultant force acting on the truck.

® 14 A car is moving along a horizontal level road. The car’s Problem-solving

engine provides a constant driving force. The motion of

the car is opposed by a constant resistance. Use algebra to describe the

: , ) relationship between the
a Modelling the car as a particle, draw a force diagram driving force and the resistance.

to show the forces acting on the car.

b Given that the resultant force acting on the car is 4200 N
in the direction of motion, and that the magnitude of the
driving force is eight times the magnitude of the resistance
force, calculate the magnitude of the resistance.
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@ Forces as vectors

You can write forces as vectors using i-j notation or as column vectors.

® You can find the resultant of two or more forces given as vectors by adding the vectors.

If two forces (pi + ¢j) N and (ri + sj) N are acting on a particle,
the resultant force will be ((p + i + (g + s)j) N. « Mechanics 1 Section 3.2

When a particle is in equilibrium the resultant vector force will be Oi + 0j.

Example o m PROBLEM-SOLVING

The forces 2i + 3j, 4i — j, —3i + 2j and «i + bj act on an object which is in equilibrium.
Find the values of @ and b.

If an object is in equilibrium then the resultant

i : . -1 21 i hi)=0Q o—
(2i + 3) + (41 =) + (=3i + Zj) + (d@i + b)) force will be zero.

P+4-3+aqi+3-1+2+b)j=0

= 3+a=0 and 4+b=0+ . You can consider the i and j components
Sy PO QTN TR | separately because they are perpendicular.

Example o m PROBLEM-SOLVING

In this question, i represents the unit vector due east, and j represents the unit vector due north.
A particle begins at rest at the origin. It is acted on by three forces (2i + j) N, (3i — 2j) N and
(—i+4j) N.

a Find the resultant force in the form pi + gj.

b Work out the magnitude and bearing of the resultant force.

¢ Describe the motion of the particle.

Add together the i-components and the
j-components.

a 2i+j)+@Bi-2)+(-i+4j)=4i+3j-

b
R :
3j M The unit vector i is usually taken to
9 be due east or the positive x-direction. The unit
:}i vector j is usually taken to be due north or the
positive y-direction. Questions involving finding
R =(4i + 3))N

bearings will often specify this.
Therefore the magnitude of R is given by «——

IR| =42 + 32 = /25 = 5N
tand = %
g =362"0 dgl

Bearing = 90° — 36.9° = 053.1° .

Use Pythagoras’ theorem to find the magnitude
of the resultant.

0
Use tamﬂ:E

adj

—

c The particle accelerates in the direction of
the resultant force.

Bearings are measured clockwise from north so
subtract # from 90°.
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Exercise @ m PROBLEM-SOLVING

1

In each part of the question a particle is acted upon by the forces given. Work out the resultant
force acting on the particle.

a (-i+3j)Nand @i-jN b (S)Nand (:3)1\1  Notation J (g)Nisthe

3 6

o 6 ) same as (51 + 3j) N.
¢ (iI+)N,Si-3)Nand(-2i—-j)N d ( 4 )N, ({})N and (_7) N

An object is in equilibrium at O under the action of three forces F;, F, and Fs.
Find F; in these cases:

a Fi=Q2i+7)and F,=(-3i+j) b F,=(3i-4j)and F, = (2i + 3j)
a -2a 3 . D R
The forces (23}) N, ( 4 ) N and (_4) N act on an object which is in equilibrium.

Find the values of @ and b.

For each force find:
i the magnitude of the force ii the angle the force makes with i.
a 3i+4j)N b (5i-j)N ¢ (-2i+3j)N d (_])N

In this question, i represents the unit vector due east, and j represents the unit vector due north.
A particle is acted upon by forces of:

a (-2i+j)N,(5i+2)Nand(-i—-4j)N b (-2i+j)N, (2i - 3j) N and (3i + 6j) N
Work out:

i the resultant vector

ii the magnitude of the resultant vector

iii the bearing of the resultant vector.

The forces (ai — bj) N, (bi + aj) N and Problem-solving

(—4i - 2j) N act on an object which 1s Use the i components and the j components to

in equilibrium. Find the values of set up and solve two simultaneous equations.
a and b.

The forces (2ai + 2bj) N, (=5hi + 3aj) N and (—11i — 7j) N act on an object which is in
equilibrium. Find the values of @ and b.

Three forces F|, F, and F; act on a particle. F; = (-3i+ 7j) N, F; = (i — j) N and F; = (pi + ¢j) N.
a Given that this particle is in equilibrium, determine the value of p and the value of g.

The resultant of the forces F, and F, is R.

b Calculate, in N, the magnitude of R.

¢ Calculate, to the nearest degree, the angle between the line of action of R and the vector j.
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9 A particle is acted upon by two forces F, and F,, given by F; = (3i — 2j) N and F, = (ai + 2aj) N,
where «a is a positive constant.

a Find the angle between F, and i. (2 marks)
The resultant of F, and F, is R.
b Given that R is parallel to 13i + 10j, find the value of a. (4 marks)

® 10 Three forces F;, F, and F; acting on a particle P are given by the vectors F; = (:?) N,
a |

F, = (;) Nand F; = ( h) N, where a and b are constants.

a Given that P is in equilibrium, find the value of « and the value of 4. (3 marks)
b The force F, is now removed. The resultant of F, and F;is R. Find:
i the magnitude of R (2 marks)

ii the angle, to the nearest degree, that the direction of R makes with the horizontal.
(3 marks)

Challenge

An object is acted upon by a horizontal aiN

force of 10iN and a vertical force ajN as

shown in the diagram. The resultant of the

two forces acts in the direction 60° to the

horizontal. Work out the value of @ and the

magnitude of the resultant force. » 10iN

@ Forces and acceleration

A non-zero resultant force that acts on a particle will cause the particle to accelerate in the direction
of the resultant force.

® Newton's second law of motion states that the force needed to accelerate a particle is equal to
the product of the mass of the particle and the acceleration produced: F = ma.

A force of 1 N will accelerate a mass of 1 kg at a rate of 1 ms=2.If a force F'N acts on a particle of mass
m kg causing it to accelerate at a m s~2, the equation of motion for the particle is F'= ma.

Gravity is the force between any object and the Earth. The force due to gravity o l R(])
acting on an object is called the weight of the object, and it acts vertically . W =mg
downward. A body falling freely experiences an acceleration of g =9.8 ms—2. l

Using the relationship F'= ma you can write the equation of motion for a body .4

of mass m kg with weight F/N.

g

" W=mg
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ENE o m PROBLEM-SOLVING

Find the acceleration when a particle of mass 1.5 kg is acted on by a resultant force of 6 N.

F=ma

B Substitute the values you know and solve the
equation to find a.

a=4

The acceleration is 4 ms—=.

ENE o m PROBLEM-SOLVING

In each of these diagrams the body is accelerating as shown. Find the magnitudes of the unknown
forces X'and Y.

a 2ms2 b 2ms2
— > 44—
¥ Y
T 20N
4N 44— 2kg —»X SON 4—— 4dkg —pX
| '
2N 4¢N

| t R(—) means that you are finding the resultant
a R=), X-4=2x2 - force in the horizontal direction, in the direction
X =8N of the arrow. The arrow is in the positive direction.

R(T), Y-2g=2x0
This resultant force causes an acceleration of

Y=2g - i
— 196N 2ms=. Use F=ma.
b Rpl—}j B0 -—X=4x2 It is usually easier to take the positive direction as

the direction of the acceleration.

X=72N
RN ¥Y-20-4g=4x0 - There is no vertical acceleration, soa = 0.
Y=204+4 =398
= BRSNS at)

ENE o m PROBLEM-SOLVING

A body of mass 5kg is pulled along a rough horizontal table by a horizontal force of magnitude 20N
against a constant friction force of magnitude 4 N. Given that the body is initially at rest, find:

a the acceleration of the body

b the distance travelled by the body in the first 4 seconds

¢ the magnitude of the normal reaction between the body and the table.
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Draw a diagram showing all the forces and the
acceleration.

4N€4—] Skg » 20N

v

N
>8 Resolve horizontally, taking the positive direction

R(—), 20 — 4 = 5a - as the direction of the acceleration, and write
down an equation of motion for the body.

ﬂ:%:3,2

The body accelerates at 3.2ms=2,

b 5=ur+- mE . Since the acceleration is constant.
s=0x4)+35%x32x%x42 - Substitute in the values.
L
The Body moves a gistance of 25.em. Resolve vertically. Since the body is moving
e Bl KE—=5Se=5x =175 horizontally @ = 0, so the right-hand side of the
R=5g=5x 98 = 49N equation of motion is 0.

The normal reaction has magnitude 49 N.

Exercise m PROBLEM-SOLVING

Find the acceleration when a particle of mass 400 kg is acted on by a resultant force of 120 N.
2 Find the weight in newtons of a particle of mass 4 kg.

3 An object moving on a rough surface experiences a constant frictional force of 30 N which
decelerates it at a rate of 1.2 ms=2. Find the mass of the object.

® 4 An astronaut weighs 735N on the Earth and 120N on Problem-solving

the moon. Work out the value of acceleration due to Start by finding the mass
gravity on the moon. of the astronaut.

5 In each scenario, the forces acting on the body cause it to accelerate as shown.
Find the magnitude of the unknown force.

a P b P 10N
I T l

3ms2 T 2kg 2ms2 i dkg
v l

2eN 4eN
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() 10

In each scenario, the forces acting on the body cause it to accelerate as shown.
In each case find the mass of the body, m.

a 10N b 20N
A A
Sms2 i m 2ms? T L
v v

mg N mgN

In each scenario, the forces acting on the body cause it to accelerate with magnitude a ms—.
In each case find the value of a.

a 8N b 100N
I T

- i 2kg a T 8kg
v l

2¢N 8gN

A horizontal force of 10 N acts upon a particle of Problem-solving

mass 3 kg causing it to accelerate at 2 m s~ along T S

a rough horizontal plane. Calculate the value of the plelder il lagram sNowINg a
. the forces acting on the particle.

force due to friction.

A lift of mass 500 kg is lowered or raised by means of a metal cable attached to its top.
The lift contains passengers whose total mass is 300 kg. The lift starts from rest and accelerates
at a constant rate, reaching a speed of 3 ms~! after moving a distance of 5m. Find:

a the acceleration of the lift (3 marks) m —_—
b the tension in the cable if the lift is moving vertically

downward (2 marks)
¢ the tension in the cable if the lift is moving vertically upward. (2 marks)

A trolley of mass 50 kg is pulled from rest in a straight line along a horizontal path by means of
a horizontal rope attached to its front end. The trolley accelerates at a constant rate and after

2sits speed is 1 ms~!'. As it moves, the trolley experiences a resistance to motion of magnitude
20 N. Find:

a the acceleration of the trolley (3 marks)
b the tension in the rope. (2 marks)

The engine of a van of mass 400 kg cuts out when it is moving along a straight horizontal road
with speed 16 ms~'. The van comes to rest without the brakes being applied.

In a model of the scenario it 1s assumed that the van is subject to a resistive force which has
constant magnitude of 200 N.
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a Find how long it takes the van to stop. (3 marks)
b Find how far the van travels before it stops. (2 marks)
¢ Comment on the suitability of the modelling assumption. (1 mark)

Challenge

A small stone of mass 400 g is projected vertically upward from the bottom
of a pond full of water with speed 10 m s~1. As the stone moves through the
water it experiences a constant resistance of magnitude 3 N. Assuming that
the stone does not reach the surface of the pond, find:

a the greatest height above the bottom of the pond that the stone reaches
b the speed of the stone as it hits the bottom of the pond on its return

¢ the total time taken for the stone to return to its initial position on the
bottom of the pond.

m Motion in two dimensions

= You can use F = ma to solve problems involving vector forces acting on particles.

In this version of the equation of motion, F and a are vectors.

You can write acceleration as a 2D vector in the form (pi + ¢gj) ms=2 or (f;) mess

Example o S{IE3) PROBLEM-SOLVING

In this question, i represents the unit vector due east, and j represents the unit vector due north.
A resultant force of (3i + 8j) N acts upon a particle of mass 0.5 kg.
a Find the acceleration of the particle in the form (pi + gj) ms=2.

b Find the magnitude and bearing of the acceleration of the particle.

3 F = ma — Write the vector equation of motion.
(3i+8j)=05 xa -
a=(6i+I16))ms=. | Todivide (3i + 8j) by 0.5, you divide each
E: component by 0.5.
a A16] Draw a diagram to represent the acceleration
vector.
0
>
Gi
la| =V62 + 162 = 2y73 N Use Pythagoras’ Theorem to work out the
=171ms2 (1 d.p.) magnitude of the acceleration vector.

tan@ = % so = 69.4° (1 d.p)

So the bearing of the acceleration is

Remember bearings are always measured
20° - 694° = 0206° -

clockwise from north.
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ENE o m PROBLEM-SOLVING

Forces F, = (2i + 4)) N, F, = (=51 + 4)) N, and F; = (6i — 5j) N act on a particle of mass 3 kg.
Find the acceleration of the particle.

Resultant force

=F+F+F; . Add the vectors to find the resultant force.
= (2i + 4j) + (=51 + 4j) + (6i — 5))
= 3i + 3j

3i+3j=3a = a=(i+jms? - Use F = ma.

E N E @ m PROBLEM-SOLVING

A boat is modelled as a particle of mass 60 kg being acted on by three forces:

80 10p ~75
H = (50) N = (20q) L Fy= ( 100) =

Given that the boat is accelerating at a rate of (_01 85) m s—2, find the values of p and ¢.

Resuvltant force

- F1 + FE + F'a
_ (80 , (19p\ (=75
= (50. - (201;;) * (_TDO)
= ( 5+ 10p ) Find the resultant force acting on the boat in
~ 150 + 20gq terms of p and ¢.
= ma
( 5 + 10p ) . (O.&] ~ (48 ] h .l UsehF=ma. RET?mtt;erthatlymi.nees tgomultlply
150 + 20q) - _a0 each component in the acceleration by 60.
e Ar il sl m e . | Solve separate equations for each component to
S R E S e find the values of p and .

Exercise @ m PROBLEM-SOLVING

In all the questions in this exercise, i represents the unit vector due east, and j represents the unit
vector due north.
1 A resultant force of (i + 4j) N acts upon a particle of mass 2 kg.
a Find the acceleration of the particle in the form (pi + ¢gj) ms—2.

b Find the magnitude and bearing of the acceleration of the particle.

2 A resultant force of (4i + 3j) N acts on a particle of mass m kg causing it to accelerate at
(20i + 15j) m s~2. Work out the mass of the particle.
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3 A particle of mass 3 kg is acted on by a force F.
Given that the particle accelerates at (7i — 3j) ms™:

a find an expression for F in the form (pi + gj) N
b find the magnitude and bearing of F.

4 Two forces, F, and F,, act on a particle of mass m. Find the acceleration of the particle, ams2,

given that:

a F,=(Qi+T)N, F, = (=3i + )N, m = 0.25kg CEED vou are asked to find

b Fi=Ci—-4)N,F,=Q2i+3j))N,m=06kg the acceleration as a vector, a. You
¢ F,=(~40i - 20) N, F, = (25i + 10j) N, m = 15kg can give your answer as a column

d F,=4iN,F, = (=2i+ 5j)) N, m = 1.5kg vector or using i—J notation.

5 A particle of mass 8 kg is at rest. It is acted on by three forces, F, = (_31) N, F,= (_25) N and
" i .
p ()
a Find the magnitude and direction of the acceleration of @ .
Use s = ut +sat®

: -2
the particle, ams™. with s = 20 and u = 0.

b Find the time taken for the particle to travel a distance of 20 m.

6 Two forces, (2i + 3j) N and (pi + ¢j) N, act on a particle P. Problem-solving

The resultant of the two forces is R. Given that R acts in AT L i thE farm
a direction which is parallel to the vector (—i + 4j), show that (~ki + 4ki) N for some
dp+q+11=0. (4 marks) constant k.

@ 7 A particle of mass 4 kg starts from rest and is acted upon by a force R of (6i + bj) N.
R acts on a bearing of 045°.

a Find the value of b. (1 mark)
b Calculate the magnitude of R. (2 marks)
¢ Work out the magnitude of the acceleration of the particle. (2 marks)

d Find the total distance travelled by the particle during the first 5 seconds of its
motion. (3 marks)

® 8 Three forces, F,, F, and F; act on a particle. F, = (-3i+ 7)) N, F, = (i—j) N and F; = (pi + ¢j) N.
a Given that this particle is in equilibrium, determine the value of p and the value of g.
Force F; is removed.

b Given that in the first 10 seconds of its motion the particle travels a distance of 12 m,
find the exact mass of the particle in kg.

® 9 A particle of mass m kg is acted upon by forces of (5i + 6j) N, (2i — 2j) N and (-i — 4j) N, causing
it to accelerate at 7 m s~2. Work out the mass of the particle. Give your answer correct to 2 d.p.
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10 Two forces, @) N and (1;) N, act on a particle P of mass mkg. The resultant of the two forces is R.

a Given that R acts in a direction which is parallel to the vector (_12),

show that 2p + g + 9= 0. | (4 marks)
b Given also that p = 1 and that P moves with an acceleration of magnitude
15v5 ms~2, find the value of m. (7 marks)

Challenge

A particle of mass 0.5 kg is acted on by two forces:
F,=-4iN F, = (ki + 2kj)N
where k is a positive constant.

Given that the particle is accelerating at a rate of 817 ms~,
find the value of k.

@ Connected particles

If a system involves the motion of more than one particle, the particles may be considered separately.
However, if all parts of the system are moving in the same straight line, then you can also treat the
whole system as a single particle.

® You can solve problems involving connected ) -
: e g Particles need to remain in contact,
particles by considering the particles : _
or be connected by an inextensible rod or taut

separatel}f b 'f they are rnuwng |n.1:he string to be considered as a single particle.
same straight line, as a single particle.

EE @ m PROBLEM-SOLVING

Two particles, P and O, of masses 5 kg and 3 kg respectively, are connected by a light inextensible
string. Particle P is pulled by a horizontal force of magnitude 40 N along a rough horizontal plane.

Particle P experiences a frictional force of 10 N and particle Q experiences a frictional force of 6 N.
a Find the acceleration of the particles.

b Find the tension in the string.

¢ Explain how the modelling assumptions that the string is light and inextensible have been used.

z 5 Problem-solving

R, e R In part a, by considering the system
ES 5 ES as a single particle you eliminate the
0 E & A5 need to find the tension in the string.
Ska pT i Tq S5kg —p Otherwise you would need to set up
< : < two simultaneous equations involving
&N : 10N T
- ; + aand 1.
3gN E S5gN In part b, the particles need to be

considered separately to find the

For the whole system: R(—): 40 - 10 - 6 = 8a T _
tension in the string.

Ba = 24

a=3ms=
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b For P:R(—):40-T-10=5x3 You could also have chosen particle Q
T=15N ° to find the tension. Check to see that it

gives the same answer.

¢ Inextensible = acceleration of masses is the same.
light = tension is the same throughout the
length of the string and the mass of

the string is negligible.

® Newton's third law of motion states that for every action there is an equal and opposite reaction.

Newton’s third law means that when two bodies 4 and B are in contact, if body A exerts a force on
body B, then body B exerts a force on body A that is equal in magnitude and acts in the opposite
direction.

Example @ m PROBLEM-SOLVING

A light scale-pan is attached to a vertical light inextensible string.
The scale-pan carries two masses 4 and B. The mass of 415400 ¢
and the mass of B is 600 g. A rests on top of B, as shown in the diagram.

The scale-pan is raised vertically, using the string, with acceleration 0.5 ms=2,

a Find the tension in the string.
A

b Find the force exerted on mass B by mass A4.

400g

¢ Find the force exerted on mass B by the scale-pan.
600g

B

You can use this since all parts of the system are

a For the whole system: . S j _
moving in the same straight line.

R(T): T -04g -0.6g =04 + 0.6)a
|

So. F'—g="1%05>» L Note that you must convert 400 g to 0.4 kg
T =120 8N4 and 600 g to 0.6 kg.
The tension in the string is 10N (2 s.f.)
=15
b R
T ——  Simplify.
A| O.4kg T 0.5ms—=
O4¢gN
Find the force exerted on A by B and then use
FEF A onty: Newton’s 3rd law to say that the force exerted on
R(f): R-04g=04x05- B by A will have the same magnitude but is in
R = 412N the opposite direction.
So the force exerted on Bby A4 is
41N (2 sf) downward. - Wl You have used g = 9.8 m 572 50 give your final

answer correct to two significant figures.
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% 7 Problem-solving

It's easier to find the force exerted on the scale-
pan by B and then use Newton’s 3rd law to say
TOE 2 that the force exerted on B by the scale-pan
has the same magnitude but is in the opposite
l direction.
)

For scale-pan only:

R TS =0 x5
= [

e L3 T=5=103N -« From part a.

The scale-pan is light, i.e. its mass is 0.

So, the force exerted on B by the scale-
pan is 10N (2 s.f) upward. . Use Newton’s 3rd law.

Exercise @ X)) rrosieu-soLving

1 Two particles P and Q, of masses 8 kg and 2 kg respectively, are connected by a light inextensible
string. The particles are on a smooth horizontal plane. A horizontal force of magnitude F'is
applied to P in a direction away from Q and when the string is taut the particles move with
acceleration 0.4 ms=2,

a Find the value of F.

b Find the tension in the string.

¢ Explain how the modelling assumptions that the string is light and inextensible are used.

2 Two particles P and Q of masses 20 kg and m kg respectively, are connected by a light
inextensible rod. The particles lie on a smooth horizontal plane. A horizontal force of 60 N is
applied to Q in a direction toward P, causing the particles to move with acceleration 2ms=2.

a Find the mass, m, of Q. @ For part b

b Find the thrust in the rod. consider P on its own.

3 Two particles P and Q, of masses 7 kg and 8 kg respectively, are connected by a light inextensible
string. The particles are on a smooth horizontal plane. A horizontal force of 30 N is applied to O
in a direction away from P. When the string is taut the particles move with acceleration a ms-2,

a Find the acceleration, a, of the system.

b Find the tension in the string.

4 Two boxes 4 and B, of masses 110 kg and 190 kg respectively, sit on the floor of a lift of mass
1700 kg. Box A rests on top of box B. The lift is supported by a light inextensible cable and is
descending with constant acceleration 1.8 ms=2:

a Find the tension in the cable.

b Find the force exerted by box B
i on box 4 ii on the floor of the lift.
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® 5 A lorry of mass m kg is towing a trailer of mass 3m kg along a straight horizontal road.
The lorry and trailer are connected by a light inextensible tow-bar. The lorry exerts a driving
force of 50 000 N causing the lorry and trailer to accelerate at Sms-2, The lorry and trailer
experience resistances of 4000 N and 10000 N respectively.

a Find the mass of the lorry and hence the mass of the trailer.
b Find the tension in the tow-bar.

¢ Explain how the modelling assumptions that the tow-bar is light and inextensible affect your
calculations.

® 6 Two particles 4 and B, of masses 10kg and 5 kg respectively, are connected by a light
inextensible string. Particle B hangs directly below particle 4. A force of 180 N is applied to 4
vertically upward causing the particles to accelerate.

a Find the magnitude of the acceleration. (3 marks)

b Find the tension in the string. (2 marks)

7 Two particles A and B, of masses 6 kg and m kg respectively, are connected by a light inextensible
string. Particle B hangs directly below particle A. A force of 118 N is applied to A vertically
upward causing the particles to accelerate at 2ms—.

a Find the mass, m, of particle B. (3 marks)

b Find the tension in the string. (2 marks)

8 A train engine of mass 6400 kg 1s pulling a carriage of mass 1600 kg along a straight horizontal
railway track. The engine is connected to the carriage by a shunt which is parallel to the direction
of motion of the coupling. The shunt is modelled as a light rod. The engine provides a constant
driving force of 12000 N. The resistances to the motion of the engine and the carriage are
modelled as constant forces of magnitude R N and 2000 N respectively.

Given that the acceleration of the engine and the carriage 1s 0.5 ms=2:
a find the value of R (3 marks)
b show that the tension in the shunt is 2800 N. (2 marks)

@ 9 A car of mass 900 kg pulls a trailer of mass 300 kg along a straight horizontal road using a light
tow-bar which is parallel to the road. The horizontal resistances to motion of the car and the
trailer have magnitudes 200 N and 100 N respectively. The engine of the car produces a constant
horizontal driving force on the car of magnitude 1200 N.

a Show that the acceleration of the car and trailer is 0.75m s (2 marks)
b Find the magnitude of the tension in the tow-bar. (3 marks)

The car is moving along the road when the driver sees a set of traffic lights have turned red.
He reduces the force produced by the engine to zero and applies the brakes. The brakes produce
a force on the car of magnitude F newtons and the car and trailer decelerate.

¢ Given that the resistances to motion are unchanged and the magnitude of the thrust in the
tow-bar 1s 100 N, find the value of F. (7 marks)
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m Pulleys

In this section }iou W.I“ 5ee+hcuw to model systems of Watch out TP EERNIG
connected particles involving pulleys. The problems you . : :
system involving a pulley as a single

answer will assume that particles are connected by a light, particle. This is because the particles
inextensible string, which passes over a smooth pulley. are moving in different directions.
This means that the tension in the string will be the same

on both sides of the pulley. The parts of the string on each

side of the pulley will be either horizontal or vertical.

More complicated systems will be considered in Chapter 5.

Example @ m PROBLEM-SOLVING

Particles P and Q, of masses 2m and 3m, are attached to the ends of a light inextensible string,.
The string passes over a small smooth fixed pulley and the masses hang with the string taut.
The system is released from rest.

a i Write down an equation of motion for P.
ii Write down an equation of motion for Q.

Find the acceleration of each mass.

Find the tension in the string.

Find the force exerted on the pulley by the string.

Find the distance moved by Q in the first 4 s, assuming that P does not reach the pulley.

- a6 =

State how you have used the fact that the pulley is smooth in your calculations.

2 LIS SIS Problem-solving

Resolve vertically for both P and Q. This will
give you simultaneous equations involving the
tension 7" and the acceleration a which can then
T be solved.

i
o
0 & ) Draw a diagram showing all the forces acting on
each mass and the pulley, and the acceleration.

e

2mgN

3mgN

Now resolve for each mass separately, in the

i For P, R(]): T - 2mg = 2ma (1) direction of its acceleration.
il For O, R({]): 3meg - T = 3ma (2)

b Adding equations (1) and (2): — Add the equations to eliminate 7
2mg - F+.F - 2mg=3ma+ 2ma -
Mg = Spa Simplifying.
1
s&§=4d
The acceleration of each mass is i}g . . You could also give your final answer as 1.96 m s~

(3 s.f).
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c From (1): T - 2mg = 2m x +g. Substitute for a.
12mgN
-5 L Collect terms.
12mg

The tension in the string is 5
A LSl The force exerted on the
pulley by the string is 2T'N
24mg

]

downward or

r T

e u:O=a=%gﬂI=4=.ﬁ':?‘
Since a is a constant we can use any of the
formulae for constant acceleration.

.-;:ut+%a£-’-' .
=0+ 5 x1.96 x 42
= 15.66m

=150 mi3 sl
Q moves through a distance of 15.7m (3 s.f)

f The tension in the string is the same at P
as at Q.

Example @ S{IIE3) PROBLEM-SOLVING

Two particles 4 and B, of masses 0.4 kg and 0.8 kg respectively, are connected by a light
inextensible string. Particle A lies on a rough horizontal table 4.5 m from a small smooth pulley

which is fixed at the edge of the table. The string passes over the pulley and B hangs freely, with
the string taut, 0.5 m above horizontal ground. A frictional force of magnitude 0.08¢ opposes the
motion of particle A. The system is released from rest. Find:

a the acceleration of the system
b the time taken for B to reach the ground

¢ the total distance travelled by A before it first comes to rest.

!

3 . Problem-solving
0.08g 4 Draw a diagram showing all the forces and the
T accelerations. The pulley is smooth so the tension
O.4gN T in the string is the same on each side of the

—p

il

i . pulley.
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For Bonly: R(]),0.8g-T=08a (2 separately.
Add (1) and (2): «
0.6g —F+ - 0.08g = 0.6a + Q4a

For A only: R(—), T - 0.08g = 0.4a (1) Write equations of motion for each of 4 and B

Eliminate the 7T terms.

fide= .20
Ocg=a
The acceleration of the system is 0.6g. ———— You could also give your answer as 5.88 ms= (3 s.f.).
b | , 4=0,5=0S5 .
B L g EEE Use an unrounded value of the acceleration.

T s =ut+ %a!z
0.5m G5 = % G A e — The acceleration is constant.

l t=0412 (3 sf)
LSS,

The time taken for B to hit the ground is
0412 s (3 a.f.)

c Find the speed of B when it hits the
= Use an unrounded value for .

ground. :

=1 g=5560, =2 25 p=

V=u+ at }IE
vp=0 + 5.88 x 041239 = 2424 87 ms™". Using surds, vg = |5
Speed of A on the table is 2424 87 ms. of—
Once B hits the ground the string will go — Since the string is inextensible.
slack and A will begin to decelerate as it
slides against the friction on the table.

From (1): —=0.08g = 044’ - Put 7= 0in equation (1) as the string is now slack.

a'=-0.2g -
Hy= 242487, y=L g==02p 5= ¢ L This is the new acceleration of 4 along the table.

V2 = u= + 2das
02 = 2424 87¢ — O.4gs
§=150m (3 s.f)
A slides a further 1.50m along the table

before it comes to rest.

.. Total distance moved by A4 is
(.5 +:1.50k= 2.00m [3 st]

Exercise @ m PROBLEM-SOLVING

® 1 Two particles A and B, of masses 4 kg and 3 kg respectively, are connected by a light inextensible
string which passes over a small smooth fixed pulley. The particles are released from rest with the
string taut.

a Find the tension in the string.
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When A has travelled a distance of 2 m it strikes the ground and immediately comes to rest.

b Find the speed of 4 when it hits the ground. Problem-solving

¢ Assuming that B does not hit the pulley, find the _ _
: e After A hits the ground, B behaves like
greatest height that B reaches above 1ts initial : _ :
" a particle moving freely under gravity.
position.

2 Two particles P and Q have masses km and 3m respectively,
where k < 3. The particles are connected by a light inextensible
string which passes over a smooth light fixed pulley. The system
is held at rest with the string taut, the hanging parts of the string
vertical and with P and Q at the same height above a horizontal
plane, as shown in the diagram. The system is released from rest.

'
\—

After release, Q descends with acceleration %g. Phkm) @ @ 03m)
a Calculate the tension in the string as O descends. (3 marks)
b Show that k = 1.5. (3 marks)
¢ State how you have used the information that the pulley is smooth. (1 mark)

After descending for 1.8 s, the particle Q reaches the plane. It is immediately brought to rest
by the impact with the plane. The initial distance between P and the pulley is such that, in the
subsequent motion, P does not reach the pulley.

d Show that the greatest height, in metres, reached by P above the plane is 1.26 ¢. (7 marks)

3 Two particles 4 and B have masses m kg and 3 kg respectively,
where m > 3. The particles are connected by a light inextensible

string which passes over a smooth, fixed pulley. Initially A is
2.5m above horizontal ground. The particles are released from
rest with the string taut and the hanging parts of the string

vertical, as shown in the figure. After 4 has been descending A(mkg) B(3kg)
for 1.25s, it strikes the ground. Particle 4 reaches the ground
before B has reached the pulley. 2.5m ®
a Show that the acceleration of B as it ascends is 3.2ms2.

(3 marks)
b Find the tension in the string as A descends. (3 marks)
¢ Show that m = % : (4 marks)
d State how you have used the information that the string is inextensible. (1 mark)

When A strikes the ground it does not rebound and the string becomes slack. Particle B then
moves freely under gravity, without reaching the pulley, until the string becomes taut again.

e Find the time between the instant when A strikes the ground and the instant when the string
becomes taut again. (6 marks)

4 Two particles A and B, of masses 5 kg and 3 kg respectively, are connected by a light inextensible
string. Particle A lies on a rough horizontal table and the string passes over a small smooth
pulley which is fixed at the edge of the table. Particle B hangs freely. The friction between 4 and
the table is 24.5 N. The system is released from rest. Find:
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a the acceleration of the system
b the tension in the string

¢ the magnitude of the force exerted on the pulley by the string.

® 5 A box P of mass 2.5 kg rests on a rough P(2.5kg)
horizontal table and is attached to one end of
a light inextensible string. The string passes i
over a small smooth pulley fixed at the edge N
of the table. The other end of the string is
attached to a sphere Q of mass 1.5 kg which
hangs freely below the pulley. The magnitude @ O(l.5kg)
of the frictional force between P and the table
is k N. The system is released from rest with
the string taut. After release, O descends a distance of 0.8 m in 0.75s.

a Modelling P and Q as particles:

i calculate the acceleration of QO (3 marks)

ii show that the tension in the string is 10.4 N (to 3 s.f)) (4 marks)

iii find the value of k. (3 marks)
b State how in your calculations you have used the information that the string is

inextensible. (1 mark)

Chapter review o

1 A motorcycle of mass 200 kg is moving along a level road. The motorcycle’s engine provides a
forward thrust of 1000 N. The total resistance is modelled as a constant force of magnitude 600 N.

a Modelling the motorcycle as a particle, draw a force diagram to show the forces acting
on the motorcycle.

b Calculate the acceleration of the motorcycle.

2 A man of mass 86 kg is standing in a lift which is moving upward with constant acceleration

2m s, Find the magnitude and direction of the force that the man is exerting on the floor of
the lift.

® 3 A car of mass 800 kg is travelling along a straight horizontal road. A constant retarding force
of F'N reduces the speed of the car from 18 ms-! to 12ms-! in 2.4 s. Calculate:

a the value of F b the distance moved by the car in these 2.4s.

® 4 A block of mass 0.8 kg is pushed along a rough horizontal floor by a constant horizontal force
of magnitude 7 N. The speed of the block increases from 2ms-! to 4 ms~! in a distance of
4.8 m. Calculate:

a the magnitude of the acceleration of the block (3 marks)

b the magnitude of the frictional force between the block and the floor. (3 marks)
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5 A car of mass 1200 kg 1s moving along a level road. The car’s engine provides a constant
driving force. The motion of the car is opposed by a constant resistance.

Given that the car is accelerating at 2m s, and that the magnitude of the driving force

is three times the magnitude of the resistance force, show that the magnitude of the
driving force is 3600 N.

6 Forces of (3i + 2j) N and (4i — j) N act on a particle of mass (.25 kg. Find the acceleration of
the particle.

a

7 Forces of (_21) N, ( 3 )N and (—2b) N act on a particle of mass 2 kg causing it to accelerate

o |
at (;) m s~2. Find the values of ¢ and b.

8 A sled of mass 2 kg is initially at rest on a horizontal plane. It is acted upon by a force of
(2i + 4j) N for 3 seconds. Giving your answers in surd form,

a find the magnitude of acceleration

b find the distance travelled in the 3 seconds.

9 In this question, i and j represent the unit vectors due east and due north respectively.

The forces (3ai + 4bj) N, (5hi + 2aj) N and (—15i — 18j) N act on a particle of mass 2 kg
which is in equilibrium.

a Find the values of ¢ and b.

b The force (-15i — 18j) N is removed. Work out:
i the magnitude and direction of the resulting acceleration of the particle
ii the distance travelled by the particle in the first 3 seconds of its motion.

10 A car is towing a trailer along a straight horizontal road by means of a horizontal tow-rope.
The mass of the car is 1400 kg. The mass of the trailer is 700 kg. The car and the trailer are
modelled as particles and the tow-rope as a light inextensible string. The resistances to motion
of the car and the trailer are assumed to be constant and of magnitude 630 N and 280 N
respectively. The driving force on the car, due to its engine, is 2380 N. Find:

a the acceleration of the car (3 marks)
b the tension in the tow-rope. (3 marks)

When the car and trailer are moving at 12ms-!, the tow-rope breaks. Assuming that the driving
force on the car and the resistances to motion are unchanged:

¢ find the distance moved by the car in the first 4 s after the tow-rope breaks. (6 marks)

d State how you have used the modelling assumption that the tow-rope is
inextensible. (1 mark)

11 A train of mass 2500 kg pushes a carriage of mass 1100 kg along a straight horizontal track.
The engine is connected to the carriage by a shunt which is parallel to the direction of motion
of the coupling. The horizontal resistances to motion of the train and the carriage have
magnitudes R N and 500 N respectively. The engine of the train produces a constant horizontal
driving force of magnitude 8000 N that causes the train and carriage to accelerate at 1.75ms=2,
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a Show that the resistance to motion R acting on the train is 1200 N. (2 marks)
b Find the magnitude of the compression in the shunt. (3 marks)

The train must stop at the next station, so the driver reduces the force produced by the engine
to zero and applies the brakes. The brakes produce a force on the train of magnitude 2000 N
causing the engine and carriage to decelerate.

¢ Given that the resistances to motion are unchanged, find the magnitude of the thrust in the
shunt. Give your answer correct to 3 s.f. (7 marks)

Particles P and Q, of masses 2m kg and m kg respectively, are attached to the ends of a light
inextensible string which passes over a smooth fixed pulley. They both hang at a distance
of 2m above horizontal ground. The system is released from rest.

a Find the magnitude of the acceleration of the system.

b Find the speed of P as it hits the ground.

Given that particle O does not reach the pulley:

¢ find the greatest height that Q reaches above the ground.

d State how you have used in your calculation:
i the fact that the string is inextensible ii the fact that the pulley is smooth.

Two particles have masses 3 kg and m kg, where m < 3. They are
attached to the ends of a light inextensible string. The string passes
over a smooth fixed pulley. The particles are held in position with
the string taut and the hanging parts of the string vertical, as shown.
The particles are then released from rest. The initial acceleration of

each particle has magnitude %g. Find: kg @ ke
a the tension in the string immediately after the particles are released (3 marks)
b the value of m. (3 marks)
A block of wood A of mass 0.5 kg rests on a A(0.5kg)

rough hDr'izon.tal tableiand 1S ‘attached mlone 7 \P

end of a light inextensible string. The string U/

passes over a small smooth pulley P fixed at

the edge of the table. The other end of the

string is attached to a ball B of mass 0.8 kg

which hangs freely below the pulley, as shown

in the figure. The resistance to motion of 4

from the rough table has a constant magnitude F'N.
The system is released from rest with the string taut. After release, B descends a distance of
0.4m in 0.5s. Modelling 4 and B as particles, calculate:

@ B(08kg)

a the acceleration of B (3 marks)
b the tension in the string (4 marks)
¢ the value of F. (3 marks)

d State how in your calculations you have used the information that the string is
inextensible. (1 mark)
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15 Two particles P and O have masses 0.5 kg and 0.4 kg respectively.
The particles are attached to the ends of a light inextensible string. O

The string passes over a small smooth pulley which is fixed above
a horizontal floor. Both particles are held, with the string taut,

at a height of 2m above the floor, as shown. The particles are
released from rest and in the subsequent motion Q does not e e¢
reach the pulley.

a i Write down an equation of motion for P. (2 marks) 7m

ii Write down an equation of motion for Q. (2 marks)
b Find the tension in the string immediately after the

particles are released. (2 marks)
¢ Find the acceleration of P immediately after the particles are released. (2 marks)

When the particles have been moving for 0.2 s, the string breaks.
d Find the further time that elapses until Q hits the floor. (9 marks)

Challenge

In this question, i and j are the unit vectors due east and due north respectively.

Two boats start from rest at different points on the south bank of a river. The current in the river provides a
constant force of magnitude 3iN on both boats.

The motor on boat A4 provides a thrust of (-7i + 2j) N and the motor on boat B provides a thrust of (ki + j) N.

Given that the boats are accelerating in perpendicular directions, find the value of k.

Summary of key points

1 Newton'’s first law of motion states that an object at rest will stay at rest, and that an
object moving with constant velocity will continue to move with constant velocity unless an
unbalanced force acts on the object.

2 Aresultant force acting on an object will cause the object to accelerate in the same
direction as the resultant force.

3 You can find the resultant of two or more forces given as vectors by adding the vectors.

4 Newton’s second law of motion states that the force needed to accelerate a particle is equal
to the product of the mass of the particle and the acceleration produced: F = ma.

5 You can use F = ma to solve problems involving vector forces acting on particles.

6 You can solve problems involving connected particles by considering the particles separately
or, if they are moving in the same straight line, as a single particle.

7 Newton’s third law of motion states that for every action there is an equal and opposite
reaction.



REVIEW EXERCISE

Review exercise

® 1

The figure shows the velocity—time graph
of a cyclist moving on a straight road over
a 7s period. The sections of the graph
fromt=0tor=3,andfroms=3tor=7,
are straight lines. The section from ¢t = 3 to
¢ =7 1s parallel to the z-axis.

r

y(ms')a

& 3

7 ((s)
State what can be deduced about the
motion of the cyclist from the fact that:

a the graphfromr=0tor=3

is a straight line (1)
b the graph from¢=3tor=7

is parallel to the z-axis. (1)
¢ Find the distance travelled by

the cyclist during this 7 s period. (4)

« Mechanics 1 Section 2.2

A train stops at two stations 7.5 km apart.
Between the stations it takes 75s to accelerate
uniformly to a speed of 24ms™, then travels
at this speed for a time 7 seconds before
decelerating uniformly for the final 0.6 km.

a Draw a velocity—time graph
to illustrate this journey.

3)
Hence, or otherwise, find:
b the deceleration of the train

during the final 0.6 km 3)
¢ the value of T (5)
d the total time for the journey. 4)

« Mechanics 1 Sections 2.2, 2.3

@D 3

) 4

€D s

EP 6

An electric train starts from rest at a
station A and moves along a straight level
track. The train accelerates uniformly

at 0.4ms™ to a speed of 16 ms™'. This
speed is then maintained for a distance of
2000 m. Finally, the train retards uniformly
for 20 s before coming to rest at a station B.
For this journey from A4 to B:

a find the total time taken
b find the distance from 4 to B

S))
S))
¢ sketch the displacement-time graph,

showing clearly the shape of the graph
for each stage of the journey. (3)

« Mechanics 1 Sections 2.1, 2.3

A small ball is projected vertically upward
from a point A. The greatest height
reached by the ball is 40 m above A.
Calculate:

a the speed of projection

b the time between the instant that the
ball is projected and the instant it
returns to A.

3)

)

« Mechanics 1 Sections 2.4, 2.5, 2.6

A ball is projected vertically upward and
takes 3 seconds to reach its highest point.
At time ¢ seconds, the ball is 39.2 m above
its point of projection. Find the possible
values of 1.

S)

« Mechanics 1 Sections 2.4, 2.5, 2.6

A light object is acted
upon by a horizontal
force of pN and

a vertical force of

¢ N as shown in the
diagram.

gN

»pN




The resultant of the two forces has

a magnitude of V40N which acts in

the direction of 30° to the horizontal.
Calculate the value of p and the value of 4.

« Mechanics 1 Sections 4.1, 4.2

A car of mass 750 kg, moving along a

level straight road, has its speed reduced
from 25ms™! to 15ms™! by brakes which
produce a constant retarding force of

2250 N. Calculate the distance travelled by
the car as its speed is reduced from 25 ms™
to15ms. (5)

« Mechanics 1 Sections 2.4, 4.3

An engine of mass 25 tonnes pulls a truck
of mass 10 tonnes along a railway line.

The resistances to the motion of the engine
and the truck are modelled as constant and
of magnitude 50 N per tonne. When the
train is travelling horizontally, the tractive
force (i.e. the force used to pull something)
exerted by the engine is 26 kN. Modelling
the engine and the truck as particles and
the coupling that joins the engine and the
truck as a light horizontal rod, calculate:

a the acceleration of the engine
and the truck (4)

b the tension in the coupling. (3)
¢ State how in your calculations
you have used the information that:
i the engine and the truck are particles
ii the coupling is a light horizontal rod.
(2)

<« Mechanics 1 Sections 1.1, 1.2, 4.3, 4.5

A ball 1s projected vertically upward with
a speed ums™! from a point A, which is
1.5m above the ground. The ball moves
freely under gravity until it reaches the
ground. The greatest height attained by
the ball is 25.6 m above 4.

a Show that u=224. (3)
The ball reaches the ground 7 seconds
after it has been projected from A.

b Find, to three significant figures,
the value of T. (3)

REVIEW EXERCISE

The ground is soft and the ball sinks 2.5cm
into the ground before coming to rest.

The mass of the ball is 0.6 kg. The ground
is assumed to exert a constant resistive
force of magnitude F newtons.

¢ Find, to three significant figures,
the value of F. (4)

d Sketch a velocity—time graph for the
entire motion of the ball, showing the
values of ¢ at any points where the graph
intercepts the horizontal axis. 4)

e State one physical factor which could be
taken into account to make the model
used in this question more realistic. (1)

¢ Mechanics 1 Sections 1.1, 1.2, 2.5, 4.3, 4.4

@ 10 A particle A, of mass 0.8 kg, resting on a

smooth horizontal table, is connected to
a particle B, of mass 0.6 kg, which is I m
from the ground, by a light inextensible
string passing over a small smooth pulley
at the edge of the table. The particle 4

is more than 1 m from the edge of the
table. The system is released from rest
with the horizontal part of the string
perpendicular to the edge of the table, the
hanging parts vertical and the string taut.

Calculate:

a the acceleration of 4 (5)
b the tension in the string (1)
¢ the speed of B when it

hits the ground 3)
d the time taken for B to

reach the ground. (3)

e The string in this question is described
as being ‘light’.
i Write down what you understand by
this description.

ii State how you have used the fact
that the string is light in your answer
to parts a and b. (2)

< Mechanics 1 Sections 1.1, 1.2, 2.5, 4.6



REVIEW EXERCISE

EP) 11

() 12

Two particles P and Q have mass 0.6 kg
and 0.2 kg respectively. The particles

are attached to the ends of a light
inextensible string. The string passes
over a small smooth pulley which is fixed
above a horizontal floor. Both particles
are held, with the string taut, at a height
of 1 m above the floor. The particles are
released from rest and in the subsequent
motion Q does not reach the pulley.

Y
S

a Find the tension in the string
immediately after the particles
are released. (6)

b Find the acceleration of P immediately 14

after the particles are released. (2)

When the particles have been moving for
0.4 s, the string breaks.

¢ Find the further time that elapses
until P hits the floor. 9

d State how in your calculations you
have used the information that the
string is inextensible. (D

« Mechanics 1 Sections 2.5, 4.4, 4.6

A trailer of mass 600 kg is attached

to a car of mass 900 kg by means of a
light inextensible tow-bar. The car tows
the trailer along a horizontal road. The
resistances to motion of the car and
trailer are 300 N and 150 N respectively.

a Given that the acceleration of the car
and trailer 1s 0.4 ms~2, calculate:

i the tractive force exerted by the
engine of the car

ii the tension in the tow-bar. (6)

@ 15

b Given that the magnitude of the
force in the tow-bar must not exceed
1650 N, calcluate the greatest possible
deceleration of the car. (3)

« Mechanics 1 Sections 4.1, 4.3, 4.5

® 13 A boy sits on a box in a lift. The mass of

the boy is 45 kg, the mass of the box is
20 kg and the mass of the lift is 1050 kg.
The lift is being raised vertically by a
vertical cable which is attached to the top
of the lift. The lift is moving upward

and has constant deceleration of 2ms2.
By modelling the cable as being light and
inextensible, find:

a the tension in the cable 3)
b the magnitude of the force

exerted on the box by the boy (3)
¢ the magnitude of the force

exerted on the box by the lift. 3)

« Mechanics 1 Sections 1.1, 1.2, 4.1, 4.4, 4.5

Two forces F; = (2i + 3j) N and

F> = (A1 + uj) N, where A and u are scalars,
act on a particle. The resultant of the
two forces is R, where R is parallel to the
vector i + 2j.

a Find, to the nearest degree, the acute
angle between the line of action of R
and the vector i. (2)

b Show that 24— u + 1 = 0. (5)

¢ Given that the direction of F5 is
parallel to j, find the magnitude of R,
to 3 s.f. (4)

« Mechanics 1 Sections 3.5, 4.2

A force R acts on a particle, where
R = (7i + 16j) N.

Calculate:

a the magnitude of R, giving your
answer to one decimal place (2)

b the angle between the line of action
of R and i, giving your answer to the
nearest degree. (2)



The force R is the resultant of two forces

P and Q. The line of action of P is parallel

to the vector (i + 4j) and the line of action

of Q is parallel to the vector (i + j).

¢ Determine the forces P and Q,
expressing each in terms of i and j. (6)

« Mechanics 1 Sections 3.5, 4.4

At noon, Rich has position vector
(i — 6j) km and Dev has position vector
(9i + 2j) km.
a Work out the distance between
Rich and Dev.

Rich moves with constant velocity

(i + 6j)kmh-! and Dev moves with

constant velocity (=3i + 2j)kmh-".

b Show that Rich and Dev meet,
and work out the time at which
this occurs.

3

(8)
¢ Find the position vector of the point

at which they meet. (2)
& Mechanics 1 Section 3.6

Two forces, F, and F,, act on a particle.
F, = (2i — 5j) newtons
F, = (i + j) newtons
The resultant force R acting on the
particle is given by R = F, + F.,.
a Calculate the magnitude of R in
newtons. (3)
A third force, F;, begins to act on the
particle, where F; = kj newtons and k is a
positive constant. The new resultant force
is given by R F,+F,+F,.
b Given that the angle between the line
of action of R,., and the vector i is
45 degrees, find the value of k. (3)

« Mechanics 1 Section 3.6

new -~

(EP) 18

REVIEW EXERCISE

A helicopter takes off from its starting
position O and travels 100 km on a
bearing of 060°. It then travels 30 km
due east before landing at point 4. Given
that the position vector of A relative to
O is (mi + nj) km, find the exact values of

m and n. (4)

« Mechanics 1 Sections 3.5, 4.2

At the very end of a race, Boat 4 has
a position vector of (—65i + 180j) m
and Boat B has a position vector of
(100i + 120§) m. The finish line has a
position vector of 10i km.

a Show that Boat B is closer to the finish
line than Boat A. (2)

Boat A is travelling at a constant velocity
of (2.51 — 6j))ms™! and Boat B s travelling
at a constant velocity of (-3i — 4j)ms™.

b Calculate the speed of each boat.
Hence, or otherwise, determine the
result of the race.

4)

&« Mechanics 1 Section 3.6



REVIEW EXERCISE

Challenge

1 Atram starts from rest at station A4 and
travels in a straight line toward station B.
It accelerates uniformly for ¢, seconds, covering
a distance of 1750 m. It then travels at a
constant speed vm s~ for ¢, seconds, covering a
distance of 17 500 m. The tram then decelerates
for t; seconds and comes to rest at station B.

Given that the total time for the journey is
7 minutes and 3¢, = 4f;, find ¢, {; and #; and the
distance between station 4 and station B.

<« Mechanics 1 Sections 2.4, 2.5

2 In this question, use g = 10 ms2,

One end of a light inextensible string is
attached to a block A4 of mass 5kg. Block A is
held at rest on a rough horizontal table. The
motion of the block is subject to a resistance

of 2 N. The string lies parallel to the table and
passes over a smooth light pulley which is fixed
at the top of the table. The other end of the
string is attached to a light scale-pan which
carries two blocks B and C, with block B on top
of block C as shown. The mass of block B is 5 kg
and the mass of block C'is 10 kg.

< i
&

B

| ¢ N\

The scale-pan hangs at rest and the system is
released from rest. By modelling the blocks as
particles, ignoring air resistance and assuming
the motion is uninterrupted, find:
a the acceleration of the scale-pan
b the tension in the string
¢ the magnitude of the force exerted on
block B by block C
d the magnitude of the force exerted on
the pulley by the string.
e State how you have used the information that

the string is inextensible in your calculations.
« Mechanics 1 Sections 4.5, 4.6
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Learning objectives

® Resolve forces into components

After completing this chapter you should be able to:

— pages 85-90 |F ¢

® Use the triangle law to find a resultant force - pages 87-90 :
-
® Solve problems involving smooth or rough . .
< inclined planes > pages 90-93 & -
® Understand friction and the coefficient of friction - pages 94-99 oy WL ¥. - i,
Use F=uR - pages 94-99 | SRS R~ T TR,
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=X .= (Bi+2j)NandF, = (-3i + 8j)N.

(pi + gj) ms=2.

— 2 Inthe diagram below, calculate:

P a the length of the hypotenuse
i b the size of a.

Give your answers correct to 2 d.p.

Find the acceleration of the particle in the form L

+ Mechanics 1 Section 3.6

—
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« International GCSE Mathematics

A car’s braking distance is determined
by its speed, the effectiveness of the
brakes and the frictional force between
the car’s wheels and the road. In wet or 2
5 9 icy conditions, friction is reduced so the &% "" :
2 g,a braking distance is increased. a5
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FORCES AND FRICTION CHAPTER 5

@ Resolving forces

= |f a force is applied at an angle to the direction of motion you can resolve it to find the
component of the force that acts in the direction of motion.

The book shown below is being dragged along the table by means of a force of magnitude F.
The book is moving horizontally, and the angle between the force and the direction of motion is 6.

Direction
of motion

The effect of the force in the direction of motion is the length of AB. This is called the
component of the force in the direction of motion. Using the rule for a right-angled triangle

adjacent _ ) o
cosf = , you can see that the magnitude of the force in the direction

hypotenuse
of ABis F x cosf. Finding this value is called "resolving the force in the direction of motion.

= The component of a force of magnitude Fin a certain direction is F' cos 8, where @ is the
size of the angle between the force and the direction.

FN
—;'CN -l{) 180°
=eieREES » D FN <—C --- l----» D
If Facts in the direction D, If Facts at aright angle If Facts in the opposite direction
then the component of to D, then the component to D, then the component of Fin
Fin that direction is: of Fin that direction is: that direction is:
Fcos(°=Fx1=F Feos90°=Fx0=0 Fecos180°=Fx -1=-F
Example o m PROBLEM-SOLVING
Find the component of each force in: i the x-direction ii the y-direction.

iii Hence, write each force in the form pi + ¢j where i and j are the unit vectors in the x and y
directions respectively.
a VA b Vi

100N
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ai 68=4Q0°
Component in x-direction = Fcos@
= 2 x c0540° '
= 6.89N (3 s.f) G:we.ynur answers correct to three
significant figures.
i A 0 = 90° - 40°
I = 50°

Make sure you find the angle between the
force and the direction you are resolving in.

Component in y-direction = Fcosf )
You could also use F'sin 40° as

=i cos Birs
sin40° = cos (90° — 40°) = cos 50°
=BT2N (B 55} ( )
iii (6.89i + 5.79j)N
_ 2 i You get a negative answer because you
4= '* e are resolving in the positive x-direction.
=108"

You could also resolve in the negative
x-direction using 8 = 90° — 18° =72°,
then change the sign of your answer from
positive to negative:

I0ON :
Component in x-direction = Fcosf I
= 5w Eos 108"
= =302N (3 s.1)
ii VA § =187 - 48"
| .
You could use # = 18° then change the sign
—— of your answer from positive to negative:
—100c0s18° =—-95.1N (3 s.f).
You can measure # in either the clockwise or
100N —— the anticlockwise direction since
Component in y-direction = Fcos6 cosf = cos(360° — A).
= 100 x cos162°

= -951N (3 =.f)
iii (-30.9i — 95.1))N
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Example o m PROBLEM-SOLVING

A box of mass 8 kg lies on a smooth horizontal floor. 10N
A force of 10N is applied at an angle of 30° causing
the box to accelerate horizontally along the floor.

a Work out the acceleration of the box. 8kg 50°
b Calculate the normal reaction between the box and the floor.,

a R(=), 10cos30°=8a - Resolve the force horizontally and write an equation

8a= B3 of motion for the box.
B 5v3 ms—2
-
b R
10N Add the weight of the box and the normal
|7 reaction to the force diagram.
B Fsin #
J e A FN

&g P Fcos it
RN R+10sin30° = &g - , The component in the y-direction is
R=784-5 Fcos(90° — #) = Fsin#
= 734N (3 s.f)

You can use the triangle law of vector addition to find the resultant of
two forces acting at an angle without resolving them into components.

Example o m CRITICAL THINKING

Two forces P and Q act on a particle as shown. P has a magnitude
of 10N and Q has a magnitude of 8 N. Work out the magnitude
and direction of the resultant force.

Use the triangle law P
for vector addition.
The resultant force
is the third side of a
triangle formed by
forces Pand Q.
You might need to
use geometry to
work out missing
angles in the triangle.
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R =872 +10° - 2 x 8 x 10c05105° . Use the cosine rule to calculate the magnitude of R.
= 164 — 160co35105° = 205.411...
R=14332... = 143N {8 51) Use the sine rule to work out #.
sin(@ + 30°) _ sin105° r
10 L ~ Remember to use unrounded values in your
- o calculations, then round your final answer.
sin(@ + 30°) = % —ge7s. =

Use your diagram to check that your answer

8+ 30°=42373..° —
makes sense.

6 =12.4° (3 s.f)

The resultant force R has a magnitude of
Explore the resultant of two

14.3N and acts at an angle of 12.4° above
9 forces using GeoGebra.

the horizontal.

SETHE o m PROBLEM-SOLVING

Three forces act upon a particle as shown.

140N
100N

Given that the particle is in equilibrium,
calculate the magnitude of P.

R(=), 100cos30° + Pcostl = 140c0545° ~——
Pcosf =12.322... (1)
R(T), 100sin30° + 140sin45° = Psinf
Psinf = 148.994...(2)

Psind  1456.594...
Pcosf~ 12.392...

=1 P %G S .
0= 85.045. ° Prnblem solving

Pcosf5.2454,. 7 = 12.392. .. You could also solve this

P = 150N (3 s.) problem by drawing a
triangle of forces.

The particle is in equilibrium,
so the three forces will form a closed triangle.

Resolve horizontally and vertically. You can solve
— these two equations simultaneously by dividing
to eliminate P.

——150°- ¢

0 - 45°

Exercise @ BT rrosiem-soLvin
1 Find the component of each force in: i the x-direction ii the y-direction.

iii Hence write each force in the form pi + ¢j where i and j are the unit vectors
in the x and y directions respectively.
a Fi h 2

12N '
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2 For each of the following systems of forces, find the sum of the components in:
i the x-direction ii the y-direction.
a e §N b i c
10N

3 Find the magnitude and direction of the resultant force acting on each of the particles shown below.

a 75N 35N b ISN £ 5N

® 4 Three forces act upon a particle as shown in the diagrams below.
Given that each particle is in equilibrium, calculate the magnitude of B and the value of 6.
a I5N b 25N ¢ 10N

20N
20N
B 10N
R
: : A
S A box of mass Skg lies on a smooth horizontal floor. The box N
is pulled by a force of 2N applied at an angle of 30° to the
horizontal, causing the box to accelerate horizontally along
the floor. Skg
30°
a Work out the acceleration of the box.
b Work out the normal reaction of the box with the floor.
v
o8

® 6 A force P is applied to a box of mass 10kg, causing the box to accelerate at 2ms= along a
smooth, horizontal plane. Given that the force causing the acceleration is applied at 45°
to the plane, work out the value of P. (3 marks)

® 7 A force of 20N is applied to a box of mass n kg, causing the box to accelerate at 0.5ms~2 along
a smooth, horizontal plane. Given that the force causing the acceleration is applied at 25° to the
plane, work out the value of m. (3 marks)
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8 A parachutist of mass 80kg is attached to a parachute by two
lines, each with tension 7. The parachutist is falling with constant
velocity, and experiences a resistance to motion due to air resistance
equal to one quarter of her weight. Show that the tension in each

line, 7, is 203 g N.

80g
(3 marks)
9 A system of forces act upon a particle as shown in the diagram. .

The resultant force on the particle is (2v3i + 2j) N.
Calculate the magnitudes of F, and F-.

(3 marks)

Challenge A

Two forces act upon a particle as shown in the diagram.
The resultant force on the particle is (3i + 5j) N.
Calculate the magnitudes of F, and F,.

@ Inclined planes

Force diagrams may be used to model situations involving objects on inclined planes.

= To solve problems involving inclined planes, it is usually easier to resolve forces
parallel to and at right angles to the plane.

ETLHE o m PROBLEM-SOLVING

A block of mass 10kg slides down a smooth slope angled at 15° to the horizontal.
a Draw a force diagram to show all the forces acting on the block.
b Calculate the magnitude of the normal reaction of the slope on the block.

¢ Find the acceleration of the block.
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\"ELORITI® The normal reaction force acts at

right angles to the plane, not vertically.

Your working will be easier if you resolve at right

Iy ;
10g
Ry, R=10gcosis"
= 947N (3 =.f)
¢ R(e), 10gcos75° =10a ‘

angles to the plane. The weight of the block acts
at an angle of 15° to this direction.

M The diagonal arrows, R(}) and

R(«), show that you are resolving down the slope
and perpendicular to the slope. You can also use
R(//) to show resolution parallel to the slope and
R(_L) to show resolution perpendicular to the slope.

Resolve down the slope and use F'= ma.

a=254ms2 (3 sf)

Example o m PROBLEM-SOLVING

S5gN

A particle of mass m is pushed up a smooth slope by a force of

magnitude 5g N acting at an angle of 60° to the slope, causing the
particle to accelerate up the slope at 0.5ms=2. Find the mass of

the particle.

30°

Draw a diagram to show all the forces acting

v
mg

R{(7), 5gcos60° - mgsin30°=0.5m .

on the particle.

Resolve up the slope, in the direction of the

2.5¢ — 0.5mg = 0.5m

acceleration, and write an equation of motion
for the particle,

2.5¢g = 0.5m+ 0.5mg

5g=m + mg

5 =m(l + g)

—(—5g—)—454k (3 sf
= o g 5.f.)
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Example o m PROBLEM-SOLVING

A particle P of mass 2kg is moving on a smooth slope and is being
acted on by a force of 4 N that acts parallel to the slope, as shown.

The slope is inclined at an angle « to the horizontal, where tana = %
Work out the acceleration of the particle.

R _ Draw a diagram to show all the forces acting on
the particle.

P Resolve up the slope, in the direction of the

acceleration, and use Newton’s second law.
4N

= Problem-solving

You know that tana = 3

4 SO you can draw a 3
2gN triangle to work out
R(#A), 4 - 2gsina=2a - sina and cos av.
4—25{9.8:{%: 2a siana:%andCDSu:% t
gq =<7 5 You can use these exact values in your calculations.

a=-3.88ms"2 (3 sf)

You resolved up the slope and the acceleration is
negative, so the particle is accelerating down the
slope.

The particle accelerates down
the slope at 3.686ms—=.

Exercise @ [EZIE) ProsLew-soLviNG

1 A particle of mass 3 kg slides down a smooth plane that is inclined at 20° to the horizontal.
a Draw a force diagram to represent all the forces acting on the particle.
b Work out the normal reaction between the particle and the plane.

¢ Find the acceleration of the particle.

2 A force of 50N is pulling a particle of mass Skg up a smooth plane that is inclined at 30°
to the horizontal. Given that the force acts parallel to the plane,

a draw a force diagram to represent all the forces acting on the particle
b work out the normal reaction between the particle and the plane

¢ find the acceleration of the particle.

3 A particle of mass 0.5kg is held at rest on a smooth slope that is inclined at an angle

to the horizontal. The particle is released. Given that tana = %, calculate:

a the normal reaction between the particle and the plane

b the acceleration of the particle.
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® 4 A force of 30N is pulling a particle of mass 6 kg up a rough slope that is inclined at 15° to the
horizontal. The force acts in the direction of motion of the particle and the particle experiences
a constant resistance due to friction.

a Draw a force diagram to represent all the forces acting on the particle. (4 marks)
Given that the particle is moving with constant speed,

b calculate the magnitude of the resistance due to friction. (5 marks)

® 5 A particle of mass mkg is sliding down a smooth slope that is angled at 30° to the horizontal.
The normal reaction between the plane and the particle 1s SN.

a Calculate the mass m of the particle. (3 marks)

b Calculate the acceleration of the particle. (3 marks)

6 A force of 30N acts horizontally on a particle of mass 5kg that
rests on a smooth slope that 1s inclined at 30° to the horizontal IN——>
as shown in the diagram. Find the acceleration of the particle.

30° \
(4 marks)
7 A particle of mass 3 kg is moving on a rough slope that is inclined S
at 40° to the horizontal. A force of 6 N acts vertically upon the
particle. Given that the particle is moving at a constant velocity,
calculate the value of F, the constant resistance due to friction.
40°
(4 marks)
8 A particle of mass mkg is pulled up a rough slope by a force of 26 N o

that acts at an angle of 45° to the slope. The particle experiences a
constant frictional force of magnitude 12 N.

: | . —
Given that tan @ = — and that the acceleration of the particle is I ms=2,
E

show that m = 1.08 kg (3 s.f.).

(5 marks)

Challenge

A particle is sliding down a smooth slope inclined at an angle # to the horizontal,
where 0 < # < 30°. The angle of inclination of the slope is increased by 60°, and the
magnitude of the acceleration of the particle increases from a to 4a.

a Show that tanf = ?

b Hence find #, giving your answer to 3 significant figures.
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@ Friction

Friction is a force which opposes motion between two rough surfaces. It occurs when the two surfaces
are moving relative to one another, or when there is a tendency (i.e. where something is likely to
behave in a certain way) for them to move relative to one another.

This block is stationary. There is no horizontal force
being applied, so there is no tendency for the block to T
move. There is no frictional force acting on the block.

R
"

!

.-f"f’//lff/'

mg

This block is also stationary. There is a horizontal &
force being applied which is not sufficient to move T
the block. There is a tendency for the block to
move, but it doesn’t because the force of friction is T F
equal and opposite to the force being applied. «

\ 4
N
N
N
N

mg
, , . R
As the applied force increases, the force of friction
increases to prevent the block from moving. If the T Direction
magnitude of the applied force exceeds a certain ” of motion
maximum or limiting value, the block will move. L 1;;: bx
: o o : AT A A 74
While the block moves, the force of friction will l
remain constant at its maximum value. mg

= When a particle is on the point of moving it is said to be in limiting equilibrium.

The limiting value of the friction depends on two things:

» the normal reaction R between the two surfaces in contact

» the roughness of the two surfaces in contact.

You can measure roughness using the coefficient of friction, which is represented by the letter i

(pronounced myoo). The rougher the two surfaces, the larger the value of p. For smooth surfaces
there is no friction and i = 0.

= The maximum or limiting value of the friction between two surfaces, Fuay, is given by
Fuax=pR
where pu is the coefficient of friction and R is the normal reaction between the two surfaces.

Example o m PROBLEM-SOLVING

A particle of mass 5 kg is pulled along a rough horizontal surface by a horizontal force
of magnitude 20 N. The coeflicient of friction between the particle and the floor is 0.2.
Calculate:

a the magnitude of frictional force
b the acceleration of the particle.
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ams—=
—sp
R
A
LR & 20N
<
v : :
49N For a moving particle, F'= Fj, 50 you can use
a RO s o — F=puR to find the magnitude of the frictional
force.
F=uR=02x%49 =9.6N —
b R 20-puR=25a . Write an equation of motion for the particle,
Sa=20-95 | resolving horizontally. Note that the frictional
=10.2 force always acts in a direction so as to oppose
a=204ms2 (3 s.f) the motion of the particle.

Example o BT rrosLen-soLuin

A block of mass 5kg lies on rough horizontal ground. The coefficient of friction between the block
and the ground is 0.4. A horizontal force P is applied to the block. Find the magnitude of the
frictional force acting on the block and the acceleration of the block when the magnitude of P is:

a ION b 19.6 N ¢ 30N.
R
A
First draw a diagram showing all the forces acting
- on the block.
—»| Skg F
. The normal reaction will equal the weight as the
— force P has no vertical component and there is
5;[\] no vertical acceleration.
R(T). R=5g=432N -

You then need to calculate the maximum possible
frictional force for this situation.

30 Flpw=pR =04 x 49

=129.GN =
The maximum available frictional force is 19.6 N L Do not round this value as you will need to use it
a When P = 10N, the friction will only need to in your calculations.

be 10N to prevent the block from sliding and

the block will remain at rest in equilibrium.
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b When P = 19.6 N, the friction will need to be

at its maximum value of 19.6 N to prevent the - o
An object in limiting equilibrium can

block from sliding, and the block will remain 5 : : .
i _ either be at rest or moving with constant velocity.
at rest in limiting equilibrium.

¢ When P = 30N, the friction will be unable
to prevent the block from sliding, and it
will remain at its maximum value of 19.6 N.
The block will accelerate from rest along
the plane in the direction of P with
acceleration a, where
30 -12.6 = 5a

a=208ms2 (3 af)

Example @ m PROBLEM-SOLVING

A particle of mass 2 kg is sliding down a rough slope that is inclined at 30° to the horizontal.
Given that the acceleration of the particle is 1 ms~2, find the coefficient of friction, p, between
the particle and the slope.

@ Explore this problem with O

different masses, slopes and frictional
coefficients using GeoGebra.

Draw a diagram showing the weight, the frictional
force and the normal reaction.

A4
2gN
Rl R= 2oecos 300
= 16.974...
Rl 2gsin30° - uR=2a -
286 -(16974..)u=2

1= %— m Make sure you use the normal

reaction, not the weight, when substituting into
MAX — *

Use F'= ma to write an equation of motion for
the particle.




FORCES AND FRICTION CHAPTER 5

Exercise @ m PROBLEM-SOLVING

1 Each of the following diagrams shows a body of mass
Skg l},fing‘ i1.1i1:iall}f_ at. rc:st on rough horizontal ground. T e e o
The coem?lcnt of frlc.tmn betwc;n the body and thf: reaction. In part d the normal reaction
ground 1s 7. In each diagram, R 18 the normal reaction is (5g + 14) N, 50 Fyuy = 11(5g + 14) N.
of the ground on the body and F'is the frictional force
exerted on the body. Any other forces applied to the
body are as shown on the diagrams.

m The forces acting on the body

In each case:

i find the magnitude of F

ii state whether the body will remain at rest or accelerate from rest along the ground
iii find, when appropriate, the magnitude of this acceleration.

a R b R C R
A A A
3N 7N 12N
F S5kg —» F Skg —» F Skg —»
k- E E
v v
S5¢N 5gN 5¢gN
d R 14N e R 14N f R 14N
6N T 9N 12N
S5kg —p S5kg —p Skg }—p
F F F
1 ] ]
5gN 5¢N 5¢N
g R 14N h R 14N i R 14N
3N 5N 6N
- S5kg —» F S5kg —p P Skg }—p
] ] ]
5gN 5¢gN 5¢N
i R 14N k R 28N 1 56N -
30° 30° \(:T
r Skg F Skg Skg F

5¢N 5¢N 5¢N
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2 In each of the following diagrams, the forces cause the body of mass 10 kg to accelerate as shown
along the rough horizontal plane. R is the normal reaction and F is the frictional force.

Find the normal reaction and the coeflicient of friction in each case.

a R b R C R

T 20N T 20N 20V2N
10kg /ﬁﬁ' 10kg 60° 45° 10kg

F F F
< k- =
! ' !
10gN 10g N 10gN
— — SN
Ims™ 0.5ms™ 0.5ms™2

® 3 A particle of mass 0.5 kg is sliding down a rough slope that is angled at 15° to the horizontal.
The acceleration of the particle is 0.25 m s~2. Calculate the coefficient of friction between the
particle and the slope. (3 marks)

@ 4 A particle of mass 2 kg is sliding down a rough slope that is angled at 20° to the horizontal.
A force of magnitude P acts parallel to the slope and is attempting to pull the particle up the
slope. The acceleration of the particle is 0.2 m s~> down the slope and the coefficient of friction
between the particle and the slope is 0.3. Find the value of P. (4 marks)

5 A particle of mass 5kg is being pushed up a rough slope that is angled at 30° to the horizontal
by a horizontal force P. Given that the coefficient of friction is 0.2 and the acceleration of the
particle is 2 ms~2, calculate the value of P.

6 A sledge of mass 10 kg is being pulled along a rough horizontal '
plane by a force P that acts at an angle of 45° to the horizontal.
The coeflicient of friction between the sledge and the plane is 0.1. 45°

Given that the sledge accelerates at 0.3 m s, find the value of P. (7 marks)

7 A train of mass m kg is travelling at 20 ms~! when it Problem-solving

applies its brakes, causing the wheels to lock up. The
train decelerates at a constant rate, coming to a complete
stop in 30 seconds.

Use the formulae for constant
acceleration.

« Mechanics 1 Sections 2.4, 2.5
a By modelling the train as a particle, find the coefficient of

friction between the railway track and the wheels of the train. (6 marks)

The train is no longer modelled as a particle, so that the effects
of air resistance can be taken into account.

b State, with a reason, whether the value of the coeflicient of friction calculated using
this revised model would be greater than or less than the value calculated in a. (2 marks)

8 A box 4 of mass 2kg is held at rest on a rough horizontal plane that is inclined at 30° to the
horizontal. The coefficient of friction between the box and the plane is —. Box A is connected
3
to a second box B of mass 3 kg by a taut light inextensible string that passes over a smooth pulley.

Calculate the acceleration of the system when box A is released from rest. (10 marks)
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Challenge

A particle of mass m kg is sliding down a rough slope that is angled at « to the
horizontal. The coefficient of friction between the particle and the slope is fi.
Show that the acceleration of the particle is independent of its mass.

Chapter review o

1 A box of mass 3 kg lies on a smooth horizontal floor. A force
of 3 N is applied at an angle of 60° to the horizontal, causing
the box to accelerate horizontally along the floor.

a Find the magnitude of the normal reaction of the floor on the box.

b Find the acceleration of the box.

2 A system of forces acts upon a particle as shown in the
diagram. The resultant force on the particle is (3i + 2j) N.
Calculate the magnitudes F, and F..

20N

3 A force of 20 N is pulling a particle of mass 2 kg up a rough slope that
is inclined at 45° to the horizontal. The force acts parallel to the slope,
and the resistance due to friction is constant and has magnitude 4 N.

a Draw a force diagram to represent all the forces acting on the particle.
b Work out the normal reaction between the particle and the plane.
¢ Show that the acceleration of the particle is 1.1 ms== (2 s.f.).

® 4 A particle of mass 5 kg sits on a smooth slope that is inclined 20N
at 10° to the horizontal. A force of 20 N acts on the particle D
at an angle of 20° to the plane, as shown in the diagram.
Find the acceleration of the particle. (5 marks)
5 A box is being pushed and pulled across a rough surface I50N
by constant forces as shown in the diagram. 100N

The box is moving at a constant speed. By modelling

the box as a particle, show that the magnitude of the 13073 /A7
resistance due to friction Fis 25(3v2 + 23 ) N.
(4 marks) ;

6 A trailer of mass 20 kg sits at rest on a rough horizontal plane. A force of 20 N acts on the
trailer at an angle of 30° above the horizontal. Given that the trailer is in limiting equilibrium,
work out the value of the coefficient of friction. (6 marks)
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7 A particle of mass 2 kg is moving down a rough plane that is inclined at « to the horizontal,
where tan « = % A force of P N acts horizontally upon the particle toward the plane.
Given that the coefficient of friction is 0.3 and that the particle is moving at a constant velocity,
calculate the value of P, (7 marks)

8 A particle of mass 0.5 kg is being pulled up a rough slope that is angled at 30° to the horizontal
by a force of 5 N. The force acts at an angle of 30° above the slope. Given that the coefficient of
friction is 0.1, calculate the acceleration of the particle. (7 marks)

@ 9 A car of mass 2150 kg is travelling down a rough road that is inclined at 10° to the horizontal.
The engine of the car applies a constant driving force of magnitude 700 N, which acts in the
direction of travel of the car. The resistance to motion is modelled as a single constant force
of magnitude F' N that acts to oppose the motion of the car.

a Given that the car is travelling in a straight line at a constant speed of 22ms-1,
find the magnitude of F. (3 marks)

The driver brakes suddenly. In the subsequent motion the car continues to travel in a straight
line, and the tyres skid along the road with the wheels locked, bringing the car to a standstill
after 40 m. The driving force is removed, and the force due to resistance other than friction is
again modelled as a constant force of magnitude F'N.
b Find the coefficient of friction between the tyres and the road. (7 marks)
¢ Criticise this model with relation to:

i the frictional forces acting on the car

ii the motion of the car. (2 marks)

Challenge

A boat of mass 400 kg is being pulled up a rough slipway (a sloped road leading down into
water) at a constant speed of 5 m s by a winch (a type of pulley). The slipway is modelled
as a plane inclined at an angle of 15° to the horizontal, and the boat is modelled as a
particle. The coefficient of friction between the boat and the slipway is 0.2.

At the point when the boat is 8 m from the water-line, as measured along the line of
greatest slope of the slipway, the winch cable snaps. Show that the boat will slide back
down into the water, and calculate the total time from the winch cable breaking to the boat
reaching the water-line.

Summary of key points

1 If aforceis applied at an angle to the direction of motion, you can resolve it to find
the component of the force that acts in the direction of motion.
2 The component of a force of magnitude F'in a certain direction is F' cos #, where 6
is the size of the angle between the force and the direction.
3 To solve problems involving inclined planes, it is usually easier to resolve forces
parallel to and at right angles to the plane.
& The maximum or limiting value of the friction between two surfaces, Fy,y, is given by Fy.y = pF’
where p is the coefficient of friction and R is the normal reaction between the two surfaces.
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After completing this chapter you should be able to:

Prior knowledge check

Calculate the momentum of a particle
and the impulse of a force

Solve problems involving collisions using the
principle of conservation of momentum

1 TheforcesF,=3i-2jandF,=5i+4jactona

particle. Find the magnitude and direction of the
resultant force.
« Mechanics 1 Section 3.4

A particle moves in a straight line with constant
acceleration.

Given s = displacement in m, u = initial velocity in
ms-1, v = final velocity in ms-!, a = acceleration in
ms—2 and ¢ = time in seconds, find:

a vwhenu=3,a=05,ft=5
b swhenu=45a=-151¢=2

+ Mechanics 1 Sections 2.4, 2.5

A body of mass 2 kg is acted on by a force FN. The
body starts from rest and moves in a straight line.
After 5 seconds, the displacement of the body is
20 m. Find the magnitude of F.

¢ Mechanics 1 Section 4.3

PULSE{

= pages 102-104

- pages 104-109

Newton’s cradle demonstrates
the principle of conservation of
momentum. When the first ball collides

with the second, the first ball stops,
but its momentum is transferred to the
second ball, then the third, then the
fourth, until it reaches the very last ball.
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m Momentum in one dimension

You can calculate the momentum of a particle and the impulse of a force.
= The momentum of a body of mass m which is moving with velocity v is mv.

If misin kg and v is in ms~! then the units of momentum will be kgms=1.

However, since kgms™' = (kgms™) s and kg ms= are the units Velocity is a

of force (F = ma) you can also measure momentum in newton vector quantity and mass s

seconds (N s). a scalar, so momentum is a

vector quantity.
Exam ple (N3  PROBLEM-SOLVING

Find the magnitude of the momentum of:
a a cricket ball of mass 400 g moving at 18 ms™!

b a lorry of mass 5 tonnes moving at 0.3ms"!.

a Momentum = mass x velocity The mass must be in kg, so divide by 1000.
Magnitude of momentum = e 1% x 18
1000 = The units can be Ns or kgms.
=7.2Ns5-
b Momentum = mass x velocity l 1 tonne = 1000 kg.
Magnitude of momentum = (5 x 1000) x 0.3
= 1500kgms™

= |f a constant force Facts for time 7 then we define the impulse of the force to be F7.

will be N's. time is a scalar, so impulse is a vector quantity.

Examples of an impulse include a bat hitting a ball, a snooker ball hitting another ball or a jerk in a
string when it suddenly goes tight. In all these cases the time for which the force acts is very small
but the force is quite large. This means that the product of the two, which gives the impulse, is of
reasonable size. However, there is no theoretical limit on the size of .

Suppose a body of mass m1 is moving with an initial speed u and is then acted upon by a force F for
time . This results in its final speed being v.

Its acceleration is given by a = r

Substituting into F=ma: F=m k= “)
m(v u) - The impulse I of the force is given by I = Ft.
=my — mu

n [=mv-mu
— LCIUEITIY This is a vector equation,

Impulse = final momentum — Initial momentum so for motion in a straight line a positive

Impulse = change in momentum direction must be chosen and each

o : it o value must be given the correct sign.
This is called the impulse-momentum principle.
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S EE o m PROBLEM-SOLVING

A body of mass 2kg is initially at rest on a smooth horizontal plane.
A horizontal force of magnitude 4.5 N acts on the body for 6s. Find:

a the magnitude of the impulse given to the body by the force
b the final speed of the body.

a Magnitude of the impulse = force x time

=45 %x 6
=27 Ns- The units can be Ns or kgms=1.
b Impulse = Final momentum — [nitial momentum
27 =2v—-0-. The body is at rest initially.
v=13.5ms™

D EE o m PROBLEM-SOLVING

A ball of mass 0.2kg hits a fixed vertical wall at right angles with speed 3.5ms~'. The ball rebounds
with speed 2.5ms-!. Find the magnitude of the impulse exerted on the wall by the ball.

The diagram shows the initial and final direction Prnblem-suh"ng

and speed of the ball and the impulse acting Because the wall is fixed you cannot apply the
on it. impulse-momentum principle to it. Find the
5 N magnitude of the impulse exerted on the ball
E :: by the wall and then use Newton's 3rd law to
Q deduce that the magnitude of the impulse
@:\:\ | 7 exerted on the wall by the ball will be the same.
N
N
2.5ms™ §
.- § Note that this is a plan view of the situation.
(=) I=(0.2 x 2.3) - (0.2 x (-3.9)) Choose a positive direction (<) and apply the
=03+ 0.7 impulse-momentum principle to the ball.
= 1.2Ns
Theretore, by Newton's 3rd law, the magnitude The initial speed is in the negative direction.
of the impulse exerted on the wall by the ball
is 1.2Ns.

Exercise @ m PROBLEM-SOLVING

1 A ball of mass 0.5kg is at rest when it 1s struck by a bat and receives an impulse of 15N's.
Find its speed immediately after it is struck.

2 A ball of mass 0.3kg moving along a horizontal surface hits a fixed vertical wall at right angles
with speed 3.5ms~!. The ball rebounds at right angles to the wall. Given that the magnitude of the
impulse exerted on the ball by the wall is 1.8 N s, find the speed of the ball just after it rebounds.
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3 A toy car of mass 0.2kg is pushed from rest along a smooth horizontal floor by a horizontal
force of magnitude 0.4 N for 1.5s. Find its speed at the end of the 1.5s.

® 4 A ball of mass 0.2kg, moving along a horizontal surface, hits a fixed vertical wall at right angles.
The ball rebounds at right angles to the wall with speed 3.5ms~!. Given that the magnitude of
the impulse exerted on the ball by the wall is 2 N's, find the speed of the ball just before it hits
the wall. (3 marks)

5 A ball of mass 0.2kg is dropped from a height of 2.5m above horizontal ground. After hitting
the ground it bounces to a height of 1.8 m above the ground. Find the magnitude of the impulse
received by the ball from the ground. (4 marks)

@ Conservation of momentum

You can solve problems involving collisions using the principle of conservation of momentum.

By Newton'’s 3rd law, when two bodies collide, each one exerts an equal and opposite force on the
other. They are in contact for the same time, so they each exert an impulse on the other of equal
magnitude but in opposite directions.

By the impulse-momentum principle, the changes in momentum of
Collision each body are equal but opposite in direction. Thus, these changes in
Iz o Y o » 7 momentum cancel each other out, and the momentum of the whole
system is unchanged. This is called the principle of conservation of
momentum.

= Total momentum before impact = total momentum after impact

You can write this in symbols for two masses m; Before ”
and m, with speeds u; and u, respectively collision g

U,
—>
before the collision, and speeds v, and v, H—@ I
Va

respectively after the collision: After
collision L
u mlul + mzua = mlvl + mgv?_

When solving problems involving collisions, always:
» draw a diagram showing the speeds before and after the collision with arrows
» if appropriate, include the impulses on your diagram with arrows

» choose a positive direction and apply the impulse-momentum principle
and/or the principle of conservation of momentum.

Example o m PROBLEM-SOLVING

A particle P of mass 2kg is moving with speed 3ms~! on a smooth horizontal plane. Particle O of
mass 3kg is at rest on the plane. Particle P collides with particle Q and after the collision Q moves

off with speed +ms-!. Find:
@ Explore particle O

collisions using GeoGebra.

a the speed and direction of motion of P after the collision

b the magnitude of the impulse received by P in the collision.
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a 3ms™ Oms™
N ~
P Q
—Cr) G
— —
yms! %I’F‘I‘i_"

Conservation of momentum: (—) -«

iy, + Mol = MV, + Moo
{2x3)+f3x0}=21’+(3’<§}

e=2v+7

The direction of motion of P is reversed by

- . ez
the collision and its speed is zms™.

b Fari@:{—)  I= 3(%—,[)} .
=7Ns «

Alternatively, for P: (<)
f = 2((-v) - (-3))
= 2(3 + 3)
= 7Ns
So the impulse received by P has
magnitude 7 Ns.

Example o S {[IEJ) PROBLEM-SOLVING

CHAPTER 6

Draw a diagram showing the speeds before and
after the collision (with arrows) and the impulses
(with arrows).

Choose a positive direction and apply the
principle of conservation of momentum.

Since v is negative, P moves in the opposite
direction after the collision.

LELOEN® The direction of motion of Pin your

answer must be with reference to the original
direction of motion of P. Do not use the words
left or right.

To find the impulse, consider one particle and
apply the impulse-momentum principle. Here it
is easier to consider Q.

Since each particle receives an impulse of equal
magnitude, the magnitude of the impulse
received by P is also 7Ns.

Two particles 4 and B, of masses 2kg and 4kg respectively, are moving toward each other in
opposite directions along the same straight line on a smooth horizontal surface. The particles
collide. Before the collision, the speeds of 4 and B are 3ms~! and 2ms~! respectively. After the
collision, the direction of motion of A is reversed and its speed is 2ms~!. Find:

a the speed and direction of B after the collision

b the magnitude of the impulse given by A to B in the collision.

a 3ms™ 2ms!
—> «—
A B
1—r) (e
«— —
2ms yms! e

Conservation of momentum: (—) »

(2x3)+4x(-2)=(2 x(-2)) + 4y

6-8=-4+ 4y
2 =4y
D5 =

B has speed 0.5 ms" and its direction of
motion is reversed by the collision.

@ Explore collisions with two moving O

particles using GeoGebra.

You need to ‘guess’ the direction of B after the
collision. If it is moving in the other direction the
answer will be negative.

This defines the positive direction.

Each speed must be given the correct sign.

As the value of v is positive the ‘guess’ for the
direction of B after the collision was correct.
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b For A: («) » Although we could consider either particle, it
impulse—momentum principle \— is safer to consider A4 since its initial and final
I=2(2 = (=3)) speed were given in the question.

= 10Ns
The magnitude of the impulse given by -
A to Bis 10Ns.

Example e m PROBLEM-SOLVING

Two particles P and Q, of masses 8 kg and 2 kg respectively, are connected by a light inextensible
string. The particles are at rest on a smooth horizontal plane with the string slack. Particle P is
projected directly away from Q with speed 4ms-!.

The magnitude of the impulse given by A4 to Bis
the same as the magnitude of the impulse given
by B to A.

a Find the common speed of the particles after the string goes taut.

b Find the magnitude of the impulse transmitted through the string when it goes taut.

a QOms 4ms
—_— —_
e H—019)
I !
— e — The string is inextensible so these are the same.
vm 57! v 57!
Using conservation of momentum (—): » This must be applied to the whole system.
(2x0)+(Bx4)=2v+ 8y
32 =10v
5L =y
The common speed of the particles is
-1
e = To find the impulse we must consider one of the
b For Q (—): - particles and apply the impulse-momentum
I=2(v-0) principle. It is easier to consider Q.
=g
= 6.4Ns

The magnitude of the impulse transmitted
through the string (the “jerk’) is 6.4 Ns.

Example o m PROBLEM-SOLVING

Two particles 4 and B, of masses 2kg and 4 kg respectively, are moving toward each other in
opposite directions along the same straight line on a smooth horizontal surface. The particles
collide. Before the collision, the speeds of 4 and B are 3ms~! and 2ms~! respectively. Given that
the magnitude of the impulse due to the collision is 7 N's, find:

a the velocity of A after the collision

b the velocity of B after the collision.
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_ w Explore particle collisions with O

3ms! 2ms : :
R g known impulse using GeoGebra.
A B
e ? e The diagram should show the speeds and
S —> impulses with arrows.
yyms™ voms™
T r : L Again you need to guess which way the particles
go after the collision. There are three sensible

— e, = — —
d el possibilities: the one shown, v, Enrﬁ V,.

7 = 2(v + 3)
35=v+3 To find either v, or v,, consider one particle
05 =mn- — only, choose a positive direction and apply the
For B: (—) impulse-momentum principle.
7 =4y, — (-2} _ o o
175 = v, + 2 . Asv,is positive, the guess for the direction of 4
ORI Y was correct.
a The direction of motion of 4 is reversed As v, is negative, the guess for the direction of
and its speed is 0.5 ms, — Bwas incorrect and it travels in the opposite
b The direction of motion of B is unchanged direction to that shown on the diagram.
and its speed is 0.25ms™\.
. LCLAETS The question asks for the velocities

so you need to state the speed and the direction

= of motion.
Exercise @ ([N PROBLEM-SOLVING

1 A particle P of mass 2kg is moving on a smooth horizontal plane with speed 4ms~!.
It collides with a second particle Q of mass 1 kg which is at rest. After the collision P has speed
2ms~! and it continues to move in the same direction. Find the speed of Q after the collision.

2 A railway truck of mass 25 tonnes moving at 4ms-! collides with a stationary truck of mass
20 tonnes. As a result of the collision the trucks couple together. Find the common speed of
the trucks after the collision.

3 Particles A and B have masses 0.5kg and 0.2 kg respectively. They are moving with speeds Sms-!
and 2ms-! respectively in the same direction along the same straight line on a smooth horizontal
surface when they collide. After the collision, 4 continues to move in the same direction with
speed 4ms-!. Find the speed of B after the collision.

4 A particle of mass 2kg is moving on a smooth horizontal plane with speed 4ms-!. It collides
with a second particle of mass 1 kg which is at rest. After the collision the particles join together.

a Find the common speed of the particles after the collision.
b Find the magnitude of the impulse in the collision.

® 5 Two particles 4 and B, of masses 2kg and 5kg respectively, are moving toward each other along
the same straight line on a smooth horizontal surface. The particles collide. Before the collision
the speeds of 4 and B are 6ms~! and 4ms~! respectively. After the collision the direction of
motion of A is reversed and its speed is 1.5ms-!. Find:
a the speed and direction of B after the collision (3 marks)

b the magnitude of the impulse given by A to B in the collision. (3 marks)
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® 6 A particle P of mass 150¢ is at rest on a smooth horizontal plane. A second particle O of mass
100 g is projected along the plane with speed ums~! and collides directly with P. On impact the
particles join together and move on with speed 4ms-!. Find the value of w. (4 marks)

7 A particle A of mass 4m is moving along a smooth horizontal surface with speed 2u. It collides
with another particle B of mass 3m which is moving with the same speed along the same
straight line but in the opposite direction. Given that A4 is brought to rest by the collision, find:

a the velocity of B after the collision (3 marks)
b the magnitude of the impulse given by A4 to B in the collision. (3 marks)

8 An explosive charge of mass 150 g is designed to split into two parts, one with mass 100 g and
the other with mass 50 g. When the charge is moving at 4ms~! it splits and the larger part
continues to move in the same direction while the smaller part moves in the opposite direction.
Given that the speed of the larger part is twice the speed of the smaller part, find the speeds of
each of the two parts. (3 marks)

9 Two particles P and O, of masses m and km respectively, are moving toward each other in
opposite directions along the same straight line on a smooth horizontal surface. The particles
collide. Before the collision the speeds of P and Q are 3u and u respectively. After the collision
the direction of motion of both particles is reversed and the speed of each particle is halved.

a Find the value of k. (4 marks)
b Find, in terms of m and u, the magnitude of the impulse given by P to Q in the collision.
(3 marks)

10 Two particles A and B, of masses 4kg and 2 kg respectively, are connected by a light
inextensible string. The particles are at rest on a smooth horizontal plane with the string slack.
Particle A is projected directly away from B with speed ums~'. When the string goes taut the
impulse transmitted through the string has magnitude 6 N s. Find:

a the common speed of the particles just after the string goes taut (4 marks)
b the value of u. (3 marks)

11 Two particles P and O, of masses 3kg and 2 kg respectively, are moving along the same straight
line on a smooth horizontal surface. The particles collide. After the collision both the particles
are moving in the same direction, the speed of P is 1 ms~! and the speed of Qis 1.5ms™!.

The magnitude of the impulse of P on Qis 9Ns. Find:

a the speed and direction of P before the collision (3 marks)

b the speed and direction of Q before the collision. (3 marks)

12 Two particles A and B are moving in the same direction along the same straight line on a
smooth horizontal surface. The particles collide. Before the collision the speed of Bis 1.5ms™!,
After the collision the direction of motion of both particles is unchanged, the speed of A is
2.5ms! and the speed of Bis 3ms~!.

a Given that the mass of A is three times the mass of B, find the speed
of A before the collision. (4 marks)

b Given that the magnitude of the impulse on A in the collision is 3Ns,
find the mass of A. (3 marks)
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Challenge

Particle P has mass 3m kg and particle Q has mass

m kg. The particles are moving in opposite directions
along the same straight line on a smooth horizontal
plane when they collide directly. Immediately before
the collision, the speed of P is #; ms™ and the speed
of O is u; ms= In the collision, the direction of motion
of P is unchanged and the direction of Q is reversed.
Immediately after the collision, the speed of P is %ul
and the speed of Q is 3u,. Show that u; = u,.

Chapter review o

® 1 A particle P of mass 3m is moving along a straight line with constant speed 2u. It collides with
another particle Q of mass 4m which is moving with speed « along the same line but in the
opposite direction. As a result of the collision P is brought to rest.

a Find the speed of Q after the collision and state its direction of motion.

b Find the magnitude of the impulse exerted by Q on P in the collision.

2 A pile driver of mass 1000kg drives a pile of mass 200kg vertically into the ground. The driver
falls freely a vertical distance of 10m before hitting the pile. Immediately after the driver impacts
with the pile it can be assumed that they both move with the same velocity. By modelling the pile
and the driver as particles, find:

a the speed of the driver immediately before it hits the pile (2 marks)
b the common speed of the pile and driver immediately after the impact. (3 marks)

The ground provides a constant resistance to the motion of the pile driver
of magnitude 120000 N.

¢ Find the distance that the pile is driven into the ground before coming to rest. (2 marks)

d Comment on this model in relation to the motion of the pile and driver
immediately after impact. (1 mark)

® 3 A car of mass 800kg is travelling along a straight horizontal road. A constant retarding force of
F'N reduces the speed of the car from 18 ms~! to 12ms~! in 2.4s. Calculate:

a the value of F (4 marks)

b the distance moved by the car in these 2.4s. (3 marks)

® 4 Two particles 4 and B, of masses 0.2kg and 0.3 kg respectively, are free to move in a smooth
horizontal groove. Initially B is at rest and A4 is moving toward B with a speed of 4ms-!,
After the impact the speed of Bis 1.5ms-!. Find:

a the speed of A after the impact (3 marks)
b the magnitude of the impulse of B on 4 during the impact. (3 marks)
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® 5 A railway truck P of mass 2000kg is moving along a straight horizontal track with speed
10ms-!. The truck P collides with a truck Q of mass 3000 kg, which is at rest on the same track.
Immediately after the collision O moves with speed S5ms-!. Calculate:

a the speed of P immediately after the collision (3 marks)

b the magnitude of the impulse exerted by P on O during the collision. (3 marks)

@ 6 A particle P of mass 1.5kg is moving along a straight horizontal line with speed 3ms-!. Another
particle O of mass 2.5kg is moving, in the opposite direction, along the same straight line with
speed 4ms~!. The particles collide. Immediately after the collision the direction of motion of P is
reversed and its speed 1s 2.5ms!,

a Calculate the speed of Q immediately after the impact. (3 marks)
b State whether or not the direction of motion of Q is changed by the collision. (1 mark)

¢ Calculate the magnitude of the impulse exerted by O on P, giving the units
of your answer. (3 marks)

7 A particle 4 of mass m is moving with speed 2« in a straight line on a smooth horizontal table.
It collides with another particle B of mass km which is moving in the same straight line on the
table with speed u in the opposite direction to A. In the collision, the particles form a single
particle which moves with speed %u in the original direction of A’s motion.

Find the value of k. (3 marks)

8 A metal pin of mass 2kg is driven vertically into the ground by a blow from a sledgehammer of
mass 10kg. The hammer falls vertically onto the pin, its speed just before impact being 9ms-1.
In a model of the situation it is assumed that, after impact, the pin and the hammer stay in
contact and move together before coming to rest.

a Find the speed of the pin immediately after impact. (3 marks)

The pin moves 3cm into the ground before coming to rest. Assuming in this model that the
ground exerts a constant resistive force of magnitude R newtons as the pin is driven down,

b find the value of R. (5 marks)

¢ State one way in which this model might be refined to be more realistic. (1 mark)
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Summary of key points

1 The momentum of a body of mass m which is moving with speed v is mv.
The units of momentum can be Ns or kg ms=1.

2 If a constant force F acts for a time 7 then we define the impulse of the force to be F1.
The units of impulse are Ns.

3 The impulse-momentum principle:
Impulse = final momentum — initial momentum
Impulse = change in momentum
I=mv-mu
where m is the mass of the body, u is the initial speed and v is the final speed.

4 Principle of conservation of momentum:
Total momentum before impact = total momentum after impact

Before 1 U
collision —> = r
After > >
collision "1 Va

mlul =+ mzuz = m1V1 e mgvz

where a body of mass m, moving with speed u, collides with a body of mass 172, moving with
speed u,, v; and v, are the speeds of m, and m, after the collision respectively.



7 STATIGS OF
A PARTICLE

Learning objectives

After completing this chapter you should be able to:

® Find an unknown force when a
system is in equilibrium - pages 113-116

Solve statics problems involving weight,
tension and pulleys - pages 117-121

Understand and solve problems
involving limiting equilibrium - pages 121-126

Prior knowledge check

A particle of mass 2 kg sits on a rough plane that is inclined
at 45° to the horizontal. A force of 10 N acts parallel to and up
the plane. Given that the particle is on the point of moving,
work out the coefficient of friction p. « Mechanics 1 Section 5.2

A particle of negligible mass has three forces acting upon
it as shown in the diagram below. Work out the magnitude
and direction of the resultant force relative to the horizontal

dashed line.
12N 10N

A tightrope walker uses a
mathematical model to
calculate the tension in

his wire. This allows him to
make sure that the wire is
strong enough to hold his
weight safely.

¢ Mechanics 1 Section 5.1
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@ Static particles

= A particle or rigid body is in static equilibrium if it is at rest and the resultant force acting on the
particle or rigid body is zero.

To solve problems in statics you should:
« Draw a diagram showing clearly the forces acting on the particle.

* Resolve the forces into horizontal and vertical components or, if the particle is on an inclined plane,
into components parallel and perpendicular to the plane.

« Set the sum of the components in each direction equal to zero.
« Solve the resulting equations to find the unknown force(s).

SETE o m PROBLEM-SOLVING

The diagram shows a particle in m The particle is not
equilibrium under the forces shown. acceleratinpg aan

By resolving horizontally and Fepn 0
vertically, find the magnitudes of the
forces P and Q.
v
ON
Method 1:
R(=), Pcos30° - 4cos45” =0 Resolve horizontally and vertically. Equate
R{Th  Psind0+ 45inad™ — =10 the sum of the forces to zero as there is no
acceleration (the particle is in equilibrium).
4 cos 45°
= — o e
Bet =807 8 sl)

Solve the first equation to find P (as there is only
— one unknown quantity), and then use your value

Q = Psin30° + 4sin45° = 446 (3 s.f) for P in the second equation to find Q.

Method 2:

If exact answers are required these would be

i 46 V6 + 31.5?)
b= 2 o

Problem-solving

You can use a vector diagram to solve equilibrium
problems involving three forces. Because the
particle is in equilibrium, the three forces will
form a closed triangle.

and Q0 = £

If the angle between forces on the force diagram
ON is #, the angle between those forces on the
triangle of forces is 180° - 4.

The length of each side of the triangle is the
magnitude of the force,
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4 P Q

= = = g ; :
o SnGO° — ain45° - ain75° Use the sine rule. ¢« Pure Maths 1 Section 6.2
_ 4sin45° 46

P = - N This method works only for a particle

5in 60° 3 in equilibrium. If the resultant force is not zero,
4sin75° 2(/6 + 3V2) the vector diagram will not be a closed triangle.
Q= sinG60° 3

Example o m PROBLEM-SOLVING

The diagram shows a particle in equilibrium on an
inclined plane under the forces shown.

Find the magnitude of the force P and the

size of the angle a.

R(/), Pcosa-86-5sin30°= . - Resolve parallel to the plane. Take the direction
Pcosa =& + 5sin30° (1) » up the plane as positive.
R(\), Psina+2-5c0530°=0 —— Rearrange the equation to make P cos « the subject.
Psina = 5¢c0530° - 2 (2) -
| Resolve perpendicular to the plane. Rearrange

Divide equation (2) by equation (1) to give: the second equation to make Psina the subject.

. 5&05300—2_2.3.30:0222 _
5 + 5sin 30° 115 ' - After division use e = tan .

COS ox
a7 Pl R o

Use tan~! and give your answer to three
significant figures.

Substitute into equation (1): —
FeiniZbh.. = Seos30" =2
Pejgfosrn

Exercise @ I rrosiem-soLving

1 Each of the following diagrams shows a particle in static equilibrium. For each particle:

You could check your answers by substituting into
equation (2).

i resolve the components in the x-direction

ii resolve the components in the y-direction

iii find the magnitude of any unknown forces (marked P and Q) and the size of any unknown
angles (marked 6).
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i
C ! d
AZN
PN
o ON
- _?1(:}____ - - - PN+

v

8N

2 For each of the following particles in static equilibrium:

i draw a triangle of forces diagram
ii use trigonometry to find the magnitude of any unknown forces @ The triangle of
forces diagram for

(marked P and Q) and the size of any unknown angles (marked ).
part a is:

b
0
i

p----> TN«

Y4/3N
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3 Each of these particles rests in equilibrium on an inclined plane under the forces shown.
In each case, find the magnitude of forces P and Q.

a " b ™

4

Challenge

The diagram shows three coplanar forces of 4, Band C acting on a
particle in equilibrium.

A

R

Show that 4 B ¢ m This result is

sina sin@ siny’ known as Lami’s Theorem.
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@ Modelling with statics

You can use force diagrams to model objects in static equilibrium, and to solve problems involving
weight, tension and pulleys.

Example o EZITY ProsLeM-soLVING

A smooth bead Y is threaded on a light
inextensible string. The ends of the string are
attached to two fixed points, X and Z, on the same
horizontal level. The bead is held in equilibrium
by a horizontal force of magnitude 8 N acting
parallel to ZX. The bead Y is vertically below X
and ZXZY = 30° as shown in the diagram.

Find the tension in the string and the weight of the bead.

Draw a forces diagram.

m The bead is smooth so the tension in

TN
A

S DR ¥ o)l P the string will be the same on either side of the
bead.
L;N This angle is 30° (alternate angles).
R(—), T 0®—=f=0
B & o 8 L Let the weight be W/N.
= 2. .
~ cos 30°
L Resolve horizontally and make 7" the subject of
= %g’a = 9.24 (3 sf) the formula.
R(T), T+ Tsin30°- W=20 _ Give your answer to three significant figures,
W=T01+ sin30°% - as an approximation for g has not been used.
_16 =z 1
Sy ( 2) _ Resolve vertically. Make W the subject of the

_ formula and substitute for 7.
=y S =daai=ah)

Example o m PROBLEM-SOLVING

A mass of 3 kg rests on the surface of a smooth plane which is

inclined at an angle of 45° to the horizontal. The mass is attached PN
to a cable which passes up the plane along the line of greatest

slope and then passes over a smooth pulley at the top of the plane.

The cable carries a mass of 1 kg freely suspended at the other end. 45°

The masses are modelled as particles, and the cable as a light

inextensible string. There is a force of PN acting horizontally on

the 3 kg mass and the system is in equilibrium.
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Calculate: a the magnitude of P b the normal reaction between the mass and the plane.

¢ State how you have used the assumption that the pulley is smooth in your calculations.

RN

TN,

3gN 12N

a Consider the 1 kca mass:

Bl Tefo=0 i®

T:g:ﬁ'_&

Consider the 3 kg mass: |_-

R, T Pcos 45° — 3gsin45° =
Pcos45° = 3gsin45° - T

Bk 4= g
Pcos45° = 3gsind45° — g
: L
P_Bg_co545°

=3g-g/2 =16 (2 s.f)

b R("\), R- Psind45° - 3gco545°=0 o

R = Psin45° + 3gcos 45°

Ve —

= Qg—g— == 30 (el

c The pulley is smooth so the tension in the

string will be the same on both sides of
the pulley.

Exercise @ m PROBLEM-SOLVING

® 1 A picture of mass 5 kg is suspended by two light

inextensible strings, each inclined at 45° to the

horizontal as shown. By modelling the picture as a

particle, find the tension in the strings when the
system 1is in equilibrium.

Draw a diagram showing the forces acting on
each particle. The tension, T'N, will be the same
throughout the string. The normal reaction,
RN acts perpendicular to the plane. Show the
weights 3g N and 1g N.

Resolve vertically to obtain 7.
Resolve up the plane.

R has no component in this direction as R is
perpendicular to the plane.

Substitute the value for T'you found earlier.

Divide this equation by cos 45° and use the
sin 45°

05 45° = tan 45° = 1.

fact that

Use the result that cos 45° = sin 45° = i.

V2

Resolve perpendicular to the plane.

Substitute the value of P which you have found
to evaluate R.

Problem-solving

This is a three-force problem involving an object in
static equilibrium, so you could use a triangle of forces.
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A particle of mass m kg is suspended by a single light
inextensible string. The string is inclined at an angle
of 30° to the vertical and the other end of the string is
attached to a fixed point O. Equilibrium is maintained
by a horizontal force of magnitude 10 N which acts on |
the particle, as shown in the diagram. Find: . mkg
a the tension in the string b the value of m. |

» 10N

A particle of weight 12 N is suspended by a light inextensible string from a fixed point O.
A horizontal force of 8 N is applied to the particle, and the particle remains in equilibrium
with the string at an angle # to the vertical. Find:

a the angle @ b the tension in the string.

A particle of mass 6 kg hangs in @ The particle is attached
equilibrium, suspended by two separately to each string,
light inextensible strings, inclined so the tension in the two

at 60° and 45° to the horizontal, strings can be different.

as shown. Find the tension in
each of the strings.

A smooth bead B is threaded on a light inextensible
string. The ends of the string are attached to two fixed
points, 4 and C, on the same horizontal level. The bead
is held in equilibrium by a horizontal force of magnitude
2 N acting parallel to CA. The sections of string make
angles of 60° and 30° with the horizontal. Find:

a the tension in the string (3 marks)
b the mass of the bead. (4 marks)
¢ State how you have used the modelling assumption

that the bead 1s smooth 1n your calculations. (1 mark)

A smooth bead B is threaded on a light inextensible string.

The ends of the string are attached to two fixed points 4 and C
where A is vertically above C. The bead is held in equilibrium
by a horizontal force of magnitude 2 N. The sections 4B and
BC of the string make angles of 30° and 60° with the vertical
respectively. Find:

a the tension in the string (3 marks)

b the mass of the bead, giving your answer to the
nearest gram. (4 marks)
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@ 7

10

A particle of weight 2 N rests on a smooth horizontal surface
and remains in equilibrium under the action of the two
external forces shown in the diagram. One is a horizontal force

of magnitude 1 N and the other is a force of magnitude PN ] Ni

which acts at an angle # to the horizontal, where tan 0 = % Find:

a the value of P (3 marks)
b the normal reaction between the particle and the surface. (2 marks)

A particle 4 of mass m kg rests on a smooth horizontal table. The particle is attached by a light
inextensible string to another particle B of mass 2m kg, which hangs over the edge of the table.

The string passes over a smooth pulley, which is fixed at the edge of the table so that the string

is horizontal between A and the pulley and then is vertical between the pulley and B.

A horizontal force FN applied to 4 maintains equilibrium. The normal reaction between 4
and the table is R N.

a Find the values of Fand R in terms of m.

The pulley is now raised to a position above the edge of the table so that the string is inclined
at 30° to the horizontal between A and the pulley. The string still hangs vertically between the
pulley and B. A horizontal force F' N applied to A maintains equilibrium in this new situation.
The normal reaction between 4 and the table 1s now R" N.

b Find, in terms of m, the values of /' and R’.

A particle of mass 2 kg rests on a smooth inclined plane, PN
which makes an angle of 45° with the horizontal.

The particle is maintained in equilibrium by a force

PN acting up the line of greatest slope of the inclined

plane, as shown in the diagram. Find the value of P.

45°

A particle of mass 4 kg is held in equilibrium on a
smooth plane which is inclined at 45° to the horizontal
by a horizontal force of magnitude P N, as shown in
the diagram. Find the value of P.

PN

45°

A particle A of mass 2 kg rests in equilibrium on a smooth
inclined plane. The plane makes an angle ¢ with the

: _ 3
horizontal, where tan 6 = ;. FN

The particle is attached to one end of a light inextensible )
string which passes over a smooth pulley, as shown in the
diagram. The other end of the string is attached to a particle B of mass 5kg. Particle A4 is also
acted upon by a force of magnitude F'N down the plane, along the line of greatest slope.
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Find:

a the magnitude of the normal reaction between 4 and the plane (5 marks)

b the value of F. (3 marks)

¢ State how you have used the fact that the pulley is smooth in your calculations. (1 mark)
12 A particle of weight 20 N rests in equilibrium on a smooth PN

inclined plane. It is maintained in equilibrium by the
application of two external forces as shown in the diagram.
One of the forces is a horizontal force of 5N, the other is

a force PN acting at an angle of 30° to the plane, as shown

in the diagram. Find the magnitude of the normal reaction
between the particle and the plane. (8 marks)

|

3N

45°

@ Friction and static particles

When a body is in static equilibrium under the action of a number of forces, including friction,
you need to consider whether or not the body is on the point of moving.

In many cases the force of friction will be less than uR, as a smaller force is sufficient to prevent
motion and to maintain static equilibrium. In these situations the equilibrium is not limiting.

= The maximum value of the frictional force Fy,x = nR is reached when the body you are
considering is on the point of moving. The body is then said to be in limiting equilibrium.

= |n general, the force of friction F'is such that F = R, and the direction of the frictional force is
opposite to the direction in which the body would move if the frictional force were absent.

Example e m PROBLEM-SOLVING

A mass of 8 kg rests on a rough horizontal plane. The mass may be modelled as a particle, and the
coefficient of friction between the mass and the plane is 0.5. Find the magnitude of the maximum
force P N which acts on this mass without causing it to move if:

a the force P is horizontal

b the force P acts at an angle 60° above the horizontal.

a RN
T Draw a diagram showing the weight 8g N,
N > PN ' the normal reaction RN, the force PN and
the friction F'N. The friction is in the opposite
direction to the force PN.
8gN

The question asks you for the maximum force

This is an example of limiting equilibrium. before movement takes place.
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R(1, R-8g=0

R=_68g
As friction is limiting, F = uR -
F=05 x &g
= 39.2N
R(—=), P-F=0

P=eF=230N 2 51

FN4—

Again this is limiting equilibrium.
R(FL R+ P sincQ° — 5g =)

R =8g - Psineg0° -
As friction is limiting, F = uR
F=05 (6g - PsincQ°) -

R(—), PcoscO°—-F=0
Pcosc0° = 0.5 (&g — Psinc0O°)
PcosE0° + 05 Psinc0°=0.5 x &g ——
P(cos60° + 0.5sin60°) = 4¢

4g
cos 60° + 0.5 sin 60°
P =420N (3 s.f)

FEE o m PROBLEM-SOLVING

P =

STATICS OF A PARTICLE

For an object in limiting equilibrium, F = Fu.

Give your answer to two significant figures.

Draw another diagram showing P at 60° above
the horizontal.

Express R in terms of P.

Use F = uR with u =0.5.

As F'= P cos 60° eliminate F from the previous
equation.

Collect the terms in P and factorise to make P
the subject.

A box of mass 10 kg rests in limiting equilibrium on a rough plane

inclined at 20° above the horizontal.

a Find the coeflicient of friction between the box and the plane.

A horizontal force of magnitude P N is applied to the box.

b Given that the box remains in equilibrium, find the maximum possible value of P.

Model the box as a particle and draw a diagram
showing the weight, the normal reaction and the
force of friction.

The friction acts up the plane, as it acts in an
opposite direction to the motion that would take
place if there was no friction.
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B{) R=10pcos20°=0"-
B =920558 N

E’\f-—"'l'a F—-10g sin20° =0 @ Use the STO function to store %

—— Resolve perpendicular and parallel to the plane.

F=33517..N exact values on your calculator.
As the friction is limiting,
F=puR. Find R and F, then use F = uR to find s
G NG s ARy Bl ) P
g S53.917... _ GBE (heo 5t Give your answer to two significant figures and
o P 95 o note that u = tan 20°.
b RN

LCLEEITY For the maximum possible value of

P, the box will be on the point of moving up the
slope, so the friction will act down the slope.

When P is at its maximum value,
F=gR=0036R

Ri—="), Pcos20°—-036R - 10gsn20°=0
(N

R(A) R-10gcos20° - Psin20°=0 (2)

- o Pcos 20° — 10g sin 20°
rom {1): R = 03¢

From {2} R = Psin 20° + 10g cos 20°
Eliminate R to find P.

Pcos 20° — 10gsin 20°
0.36

= Psin 20° + 10gcos 20°

So

- 3.6gcos 20° + 10g sin 20°

s cos 20° — Q.36 sin 20° You have used g = 9.8 m s in your calculations,
= 82N (2 5f) so round your final answer to 2 significant figures.
m PROBLEM-SOLVING
1 A book of mass 2 kg rests on a rough horizontal table. @ e

When a force of magnitude 8 N acts on the book, at an
angle of 20° to the horizontal in an upward direction,
the book is on the point of slipping.

means that the book is in
limiting equilibrium.

Calculate, to three significant figures, the value of the
coefficient of friction between the book and the table.

2 A block of mass 4 kg rests on a rough horizontal table. When a force of 6 N acts on the block,
at an angle of 30° to the horizontal in a downward direction, the block is on the point of
slipping. Find the value of the coeflicient of friction between the block and the table.
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A block of weight 10 N is at rest on a rough horizontal surface. A force of magnitude 3 N is
applied to the block at an angle of 60° above the horizontal in an upward direction.
The coefficient of friction between the block and the surface is 0.3.

a Calculate the force of friction.

b Determine whether or not the friction is limiting.

A packing crate of mass 10 kg rests on rough horizontal ground. It is filled with books which
are evenly distributed through the crate. The coefficient of friction between the crate and the
ground is 0.3.

a Find the mass of the books if the crate is in limiting equilibrium under the effect of a
horizontal force of magnitude 147 N.

b State what modelling assumptions you have made.

A block of mass 2 kg rests on a rough horizontal plane. A force P acts on the block at an angle
of 45° to the horizontal. The equilibrium is limiting, with = 0.3.

Find the magnitude of P if:
a P acts in a downward direction

b P acts in an upward direction.

A particle of mass 0.3 kg 1s on a rough plane which is 3N
inclined at an angle of 30° to the horizontal. The particle is held
at rest on the plane by a force of magnitude 3 N acting up the
plane, in a direction parallel to the line of greatest slope of the
plane. The particle is on the point of slipping up the plane.

Find the coefficient of friction between the particle and the plane.

30°

A particle of mass 1.5 kg rests in equilibrium on a rough plane

under the action of a force of magnitude X' N acting up the line XN
of greatest slope of the plane. The plane is inclined at 25° to
the horizontal. The particle is in limiting equilibrium and on
the point of moving up the plane. The coeflicient of friction
between the particle and the plane is 0.25. Calculate:

25°

a the normal reaction of the plane on the particle
b the value of X.

A horizontal force of magnitude 20 N acts on a block of mass
1.5 kg, which is in equilibrium resting on a rough plane
inclined at 30° to the horizontal. The line of action of the
force is in the same vertical plane as the line of greatest slope
of the inclined plane.

a Find the normal reaction between the block and the plane. (4 marks)
b Find the magnitude and direction of the frictional force acting on the block. (3 marks)

¢ Hence find the minimum value of the coefficient of friction between the
block and the plane. (2 marks)
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® 9 A box of mass 3 kg lies on a rough plane inclined at 40° to
the horizontal. The box is held in equilibrium by means of a >
horizontal force of magnitude X N. The line of action of the
force 1s in the same vertical plane as the line of greatest slope
of the inclined plane. The coefficient of friction between

the box and the plane is 0.3 and the box is in limiting 40°

equilibrium and is about to move up the plane.

a Find X (6 marks)

b Find the normal reaction between the box and the plane. (2 marks)
10 A small child, sitting on a sledge, rests in equilibrium on an TN

inclined slope. The sledge 1s held by a rope which lies along

the slope and is under tension. The sledge is on the point of

slipping down the plane. Modelling the child and sledge as a

particle and the rope as a light inextensible string, calculate T50
the tension in the rope, given that the combined mass of the
child and sledge is 22 kg, the coeflicient of friction is 0.125,
and that the slope is a plane inclined at 35° to the horizontal.

11 A box of mass 0.5kg is placed on a plane which is inclined
at an angle of 40° to the horizontal. The coefficient of
friction between the box and the plane is % The box is
kept in equilibrium by a light string which lies in a vertical
plane containing a line of greatest slope of the plane.

The string makes an angle of 20° with the plane, as shown
in the diagram. The box is in limiting equilibrium and may
be modelled as a particle. The tension in the string is 7°N.

Find the range of possible values of T. (8 marks)

Problem-solving

The box might be about to move up or down the slope.

12 A box of mass 1 kg is placed on a plane, which is inclined Pl
at an angle of 40° to the horizontal. The box is kept in g
equilibrium on the point of moving up the plane by a light
string, which lies in a vertical plane containing a line of
greatest slope of the plane. The string makes an angle of
20° with the plane, as shown in the diagram. The box is in
limiting equilibrium and may be modelled as a particle.
The tension in the string is 10 N and the coefficient of
friction between the box and the plane is y.. Find . (7 marks)
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13 A box of mass 2 kg rests in limiting equilibrium on a rough Problem-solving

plane angled at # above the horizontal where tan ¢ = % Eivet Gnd tha eoafficiant

A horizontal force of magnitude P N acting into the plane is of friction between the
applied to the box. Given that the box remains in equilibrium, box and the plane.
find the maximum possible value of P. (8 marks)

Chapter review o

1 A particle is acted upon by three forces as shown in 12N
the diagram.

Given that the particle is in equilibrium, work out:
a the size of angle 0

b the magnitude of P.

10N

2 A particle is acted upon by three forces as shown 40N
in the diagram. Given that it is in equilibrium find:

a the size of angle 0
b the magnitude of W.

® 3 An acrobat of mass 55 kg stands on a tightrope.
By modelling the acrobat as a particle and the
tightrope as two inextensible strings, calculate
the tension in the tightrope on each side of the rope.

@ 4 A particle Q of mass 5 kg rests in equilibrium on a
smooth inclined plane. The plane makes an angle of ¢
with the horizontal, where tan @ = %.

Q 1s attached to one end of a light inextensible string
which passes over a smooth pulley as shown. The other
end of the string is attached to a particle of mass 2 kg.

The particle Q is also acted upon by a force of magnitude FN
acting horizontally, as shown in the diagram.
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Find the magnitude of:

a the force F (5 marks)
b the normal reaction between particle Q and the plane. (3 marks)
The plane is now assumed to be rough.

¢ State, with a reason, which of the following statements is true:

1. Fwill belarger 2. Fwill be smaller 3. Fcould be either larger or smaller. (2 marks)

A smooth bead B of mass 2kgis threaded on a light inextensible A
string. The ends of the string are attached to two fixed points :
A and C, where A4 is vertically above C. The bead is held in
equilibrium by a horizontal force of magnitude P N.

The sections AB and BC make angles of 20° and 70° with

the vertical as shown.
a Show that the tension in the string is 33 N (2 s.f0). (3 marks)
b Calculate the value of P, (3 marks)

A box of mass mkg sits stationary on a rough plane. The plane is inclined at an angle of ¢
to the horizontal and has coeflicient of friction .. Show that when the box is on the point of
slipping 0 = tan™! .

A particle of mass mkg lies at rest on a rough horizontal surface. A force of magnitude %mg 18

applied to the particle at an angle of # to the horizontal. Given that the particle remains at rest,
cosf

5+ sinf

show that ¢ =

A particle of mass 5kg is stationary on a rough horizontal plane. A force of 5N is

applied at an angle of tan™! (%) to the plane. Given that the particle is on the point

of slipping, show that 1 = ,—lﬁ

A box of mass M kg sits stationary on a smooth plane.
The plane is inclined at an angle of ¢ to the horizontal
where # = tan™! (%) The box of mass Mkg 1s attached m

to a second box of mass mkg via an inextensible 7
rope that hangs over a smooth pulley as shown.

Show that if the system is to remain at rest, then % = %
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Summary of key points

1 A particle or rigid body is in static equilibrium if it is at rest and the resultant force acting on
the particle or rigid body is zero.

2 The maximum value of the frictional force Fyu = R is reached when the body you are
considering is on the point of moving. The body is then said to be in limiting equilibrium.

3 In general, the force of friction F'is such that F = R, and the direction of the frictional force
is opposite to the direction in which the body would move if the frictional force were absent.

4 Forarigid body in static equilibrium:
+ the body is stationary
+ the resultant force in any direction is zero
+ the resultant moment is zero.



After completing this chapter you should be able to:

® (alculate the turning effect of a force
applied to a rigid body - pages 130-131 |

® (alculate the resultant moment of a

set of forces acting on a rigid body - pages 132-133
® Solve problems involving uniform rods

in equilibrium - pages 133-136

® Solve problems involving non-uniform rods - pages 136-139

Solve problems involving rods on the point
of tilting - pages 139-141

Prior knowledge check

1 Find the value of x in each of the following:

¢« International GCSE Mathematics

2 Masses A and B rest on a light scale-pan
supported by two strings, each with tension T.

T T
A &
A
800g
l.4kg
B

Find:
a thevalueof T’
b the normal reaction of the scale-pan on mass B
¢ the normal reaction of mass B on mass A.
« Mechanics 1 Section 4.5

<]

Moments measure the turning effect

of a force. Engineers use moments

to work out how much load can be
applied safely to a crane.
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@ Moments

So far you have looked mostly at situations involving particles. This means you can ignore rotational
effects. In this chapter, you begin to model objects as rigid bodies. This allows you to consider the
size of the object as well as where forces are applied.

The moment of a force measures the turning effect of the force on a rigid body.

It is the product of the magnitude of the force and the perpendicular distance from the axis of rotation.

= Clockwise moment of Fabout P=|F|xd

P
F. p m When you describe
The moment of the force, F, a moment, you need to give the
is acting about the point P, direction of rotation.

In the diagram above, the distance given is perpendicular to the line of action of the force.
When this is not the case, you need to use trigonometry to find the perpendicular distance.

= Clockwise moment of Fabout P=|F| x dsin@

2 m A moment is a force multiplied by a

‘ distance, so its units are newton metres (Nm)
. dsing or newton centimetres (Ncm).

=P
e d @ Explore the moment of a force O
acting about a point using GeoGebra.
Example o (I3 PROBLEM-SOLVING

Find the moment of each force about the point P,

a 6N b 12N
P
3Im
The distance given on the diagram

a Moment of the 6N force about P is the perpendicular distance, so

= magnitude of force x perpendicular distance you can substitute the given values

= 6 x 3 = 18N m anticlockwise - directly into the formula.
D e S S e i Don't forget to include the direction

of the rotation when you describe the

= magnitude of force x perpendicular distance
I el moment of the force.

=12 % 85in35° = 55.1Nm clockwise (3 s.f)

This time you need to use the
perpendicular distance 8sin 35°.
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EE e L ((IE) PROBLEM-SOLVING

The diagram shows two forces acting on a lamina.
Find the moment of each of the forces about
the point P.

Moment of the 5N force
= magnitude of force x perpendicular distance

=5 x 2 = 10Nm clockwise M A lamina is a 2D object

Moment of the &N force whose thickness can be ignored.

= magnitude of force x perpendicular distance
=5 x 25in50° = 12.3Nm anticlockwise (3 =f) - The moments act in opposite directions.

Exercise @ m PROBLEM-SOLVING

1 Calculate the moment about P of each of these forces acting on a lamina.

a A3N b TN ¢ 6.5N d ¢ 5N
k= > # \
| 1.5m £
3m -

. 2 i
P . -

2 Calculate the moment about P of each of these forces acting on a lamina.

b C 95N d

P
N, B KT sare - P
*7.2m
3 The diagram shows a sign hanging from a wooden beam. < 12m >
The sign has a mass of 4kg. Ps = N e
a Calculate the moment of the weight of the mass: LMoe’s Dineﬂ
i about P ii about Q. '

b Comment on any modelling assumptions you have made.
® 4 ABCD is a rectangular lamina. A force of 12 N acts horizontally A E 12N

at B, as shown in the diagram. Find the moment of this force about: g

a A b B g € d D

C 5m D

® 5 In the diagram, the force F produces a moment
of 15N m clockwise about the pivot P.
Calculate the magnitude of F.




@ Resultant moments

When you have several coplanar forces acting on a body, you can

determine the turning effect around a given point

a positive direction (clockwise or anticlockwise) and then finding

the sum of the moments produced by each force.

132 CHAPTER 8 MOMENTS

Coplanar forces

are forces that act in the
same plane.

by choosing

= The sum of the moments acting on a body is called the resultant moment.

Example o (W& PROBLEM-SOLVING

The diagram shows a set of forces acting on a
light rod. Calculate the resultant moment about
the point P.

The moment of the SN force is
5 x (2 + 1) =15 Nm clockwise.

The moment of the 4 N force is

4 x 1 = 4Nm anticlockwise.

The moment of the 3N force is

3 x 1 = 3Nm anticlockwise.

Choosing clockwise as positive:

SN IN
2m I m

lm

wt

~Your positive direction is clockwise, so the
anticlockwise moments are negative.

Problem-solving

You could also solve this problem by considering the
clockwise and anticlockwise moments separately.
Sum of clockwise moments = 15N m

Resultant moment =15 + (=4) + (-3) = SN m «—

.. resultant moment is &N m clockwise.

Exercise SKILLS PROBLEM-SOLVING

Sum of anticlockwise moments=3 +4=T7TNm
Resultant moment = 15 — 7 = 8 N m clockwise

1 These diagrams show sets of forces acting on a light rod. In each case, calculate the resultant

moment about P.

a 2N b 4N C 3N 4N
lm Im ’J T—‘ P Ilm le . 2m 4
Pe l—‘ 2m \_l lm lm\i r‘ P
IN 2N ANy
d 3N 2N e 2N 3N f 2N 2N
L p J lm le I m lmJ
= 1 m lm I m Im .
l_l 2m 1 m I m P l_‘ P \i
IN
IN 4N Al
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2 These diagrams show forces acting on a lamina. In each case, find the resultant moment about P.

a 3N b 4N
A A
2m e
B R =L T T [
P L
3m
v .
2N '
u . »3N
® 3 The diagram shows a set of forces acting on a light rod. 2N 5N
The resultant moment about P is 17 N m clockwise.
Find the length d.
d \_l 2m  3m .
4N
4 The diagram shows a set of forces acting on a light rod. 6N 12N
The resultant moment about P is 12.8 N m clockwise.
Find the value of x.
2xm l_l 3xm xm ¥
10N
(3 marks)
€5 Equilibrium
= When a rigid body is in equilibrium, the resultant force in any @ T

direction is ON and the resultant moment about any point is 0N m. moment is zero

You can simplify many problems involving rigid bodies by choosing ET: clﬁ:;;:ﬁ;?:

w+h|ch pglnt(s) to tak? moments ElbDl:I'[. When you take moments :Elt a equals the sum of the
given point, you can ignore the rotational effect of any forces acting R or o Sa e B
at that point.

Example o m PROBLEM-SOLVING

The diagram shows a uniform rod 4 B, of length A
3m and weight 20 N, resting horizontally on A A
supports at 4 and C, where AC = 2m,

2m E Im B

Calculate the magnitude of the reaction at each of the supports.
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RN RN — Draw a diagram showing all the forces acting.

The weight of the rod acts at its centre of mass.

A % B — You are told that this is a uniform rod, so the weight
1.5m 2:5m Tm : :
A l A acts at the midpoint of the rod.
20N Total of forces acting upward = total of forces
The rod is in equilibrium. acting downward.

Resclving vertically: Ry + R = 20 -

Considering the moments about point A4: - Clockwise moment = anticlockwise moment
20 % 15 =Rax (15 + C.5)

I0=2R; Problem-solving

15 = R,
15 g Take moments about the point that makes the
Ry+15=20 algebra as simple as possible. Taking moments
Ry=5 about A results in an equation with just one

Therefore the reaction at 4 is 5N and the
reaction at Cis 15N.

Example o L ((NE3) PROBLEM-SOLVING

unknown.

—— Substituting the value of R into the first equation.

A uniform beam A B, of mass 40kg and
length 5m, rests horizontally on supports C D
at C and D, where AC= DB = 1m. A f E f ——

When a man of mass 80kg stands
on the beam at E the magnitude of the reaction at D is twice the magnitude of the reaction at C.
By modelling the beam as a rod and the man as a particle, find the distance AE.

L i

RN 2RN Draw a diagram showing the forces.
y C j . Because you are told a relationship between the
Tm 1.5m E A Tm — reaction at C and the reaction at D you can use this
l l on your diagram.
40g N 80g N
T XM mamnrsimons >
Resolving vertically: The rod is in equilibrium so there is no resultant
R+ 2R = 40g + &0g . | force.
S = 120;—}’
R = 40g — Clockwise moment = anticlockwise moment

Let the distance AE be xm.

Taking moments about A: Problem-solving

40g x 2.0+ O0g x x =40g x 1 + 80g x 4 How have you used the modelling assumptions in
100g + 80g x x = 360g the question?

80g x x = 260¢g i .

2608 5e e Since the beam is a rod, it does not bend.

. 80g = 8 R e Since the man is a particle, his weight acts at

Distance AE = 3.25m the point E.

=
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Exercise @ (SN PROBLEM-SOLVING

1

AB is a uniform rod of length 5m and weight 20 N. In these diagrams 4B is resting in a horizontal
position on supports at C and D. In each case, find the magnitudes of the reactions at C and D.

aAlmC im DlmB bA 2Zm  C  2m DlmB
c 1.5m C 2.5m D 1Im d 1.5m C 2.7m D 08m

A T f B A f f B
Each of these diagrams shows a light rod in equilibrium in a horizontal position under the
action of a set of forces. Find the values of the unknown forces and distances.

XN YN b 15N YN c 5¢N XN

3 VR I VIR I O
| ] L1

10N ISN 20N XN  5gN 10gN 15¢N

Jack and Jill are playing on a seesaw made from a uniform plank 4B, of length 5m pivoted at
M, the midpoint of AB. Jack has mass 35kg and Jill has mass 28 kg. Jill sits at 4 and Jack sits
at a distance x m from B. The plank is in equilibrium. Find the value of x.

A uniform rod 4B, of length 3m and mass 12kg, is pivoted at C, where AC = 1 m. A vertical
force F applied at 4 maintains the rod in horizontal equilibrium. Calculate the magnitude of F.

A broom consists of a broomstick of length 130cm and mass 5kg, and a broomhead of mass 5.5kg
attached at one end. By modelling the broomstick as a uniform rod and the broomhead as
a particle, find where a support should be placed so that the broom will balance horizontally.

A uniform rod 4B, of length 4m and weight 20N, is suspended horizontally by two vertical strings
attached at 4 and at B. A particle of weight 10N is attached to the rod at point C, where AC = 1.5m.

a Find the magnitudes of the tensions in the two strings.

The particle is moved so that the rod remains in horizontal equilibrium with the tension in the
string at B 1.5 times the tension in the string at A.

b Find the new distance of the particle from A.

A uniform beam AB, of length 5m and mass
60 kg, has a load of 40kg attached at B. It is
then held horizontally in equilibrium by two
vertical wires attached at 4 and C. The tension
in the wire at C is four times the tension in the

wire at 4. By modelling the beam as a uniform e & g
rod and the load as a particle, calculate: < 5m >
a the tension in the wire at C (2 marks)

b the distance CB. (5 marks)
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® 8 A uniform plank 4B has length 5m and mass A C B
15kg. The plank is held in equilibrium A A
horizontally by two smooth supports 4 and C ) o 2m——->
as shown in the diagram, where BC = 2m. ) ]
a Find the reaction on the plank at C. (3 marks)

A person of mass 45kg stands on the plank at the point D and it remains in equilibrium.
The reactions on the plank at 4 and C are now equal.

b Find the distance AD. (7 marks)

9 A uniform beam 4B has weight W N and
length 8 m. The beam is held in a horizontal
position in equilibrium by two vertical light
inextensible wires attached to the beam at the
points A and C where AC = 4.5m, as shown A C *B
in the diagram. A particle of weight 30N is §m
attached to the beam at B.

a Show that the tension in the wire attached to the beam at C is (§W+ %)N (4 marks)

b Find, in terms of W, the tension in the wire attached to the beam at A. (3 marks)

4.5m

4

A

1!'

A

¢ Given that the tension in the wire attached to the beam at C is twelve times the
tension in the wire attached to the beam at A, find the value of W. (3 marks)

Challenge

The diagram shows a kinetic sculpture made from hanging
rods. The distances between the points marked on each rod ] !
are equal. Arrange 1 kg, 2kg, 3 kg, 4 kg and 5 kg weights
onto the marked squares, using each weight once, so that
the sculpture hangs in equilibrium with the rods horizontal.

m Centres of mass

So far you have considered only uniform rods, where the centre of mass is always at the midpoint.
If a rod is non-uniform the centre of mass is not necessarily at the midpoint of the rod.

You might need to consider the moment due to the weight of a non-uniform rod, or find the position
of its centre of mass.

Example o BT rrosiem-soLving

Sam and Tamsin are sitting on a non-uniform plank 4B N 4m >

of mass 25kg and length 4m. The plank is pivoted at M, | & |

the midpoint of AB. The centre of mass of ABisat C A A 1 ‘B
«— .8 m ——

where AC is 1.8 m. Sam has mass 35kg.
Tamsin has mass 25kg and sits at A.
Where must Sam sit for the plank to be horizontal?
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RN Model the plank as a rod and the
R children as particles. Then grawva
) Q_} . 5m - diagram to represent the situation.,
1—1.{5 mM—- & i :
~ Suppose that Sam sits at a point xm
\4 v from A.
25gN 25gN 35gN
i il na Take moments about M to eliminate
Taking moments about M: — the reaction at M from your
eSrx 2 4+ 2hox 02 =35 x (x—2) » calculations.
50+ 5=35x-70 -
By 195 — Divide both sides of the equation by g.

o=

Sam should sit 3.57 m from end 4 (or 0.43 m from end B). @ Explore the moment O

acting about pivot M using
S E]E o (/N3 PROBLEM-SOLVING

GeoGebra.
A non-uniform rod 4B is 3m long and has weight 20 N. It 1s in a horizontal position resting on supports
at points C and D, where AC = 1m and AD = 2.5m. The magnitude of the reaction at C is three times
the magnitude of the reaction at D. Find the distance of the centre of mass of the rod from A.

3RN RN
i i 05m Draw a diagr.am. Mak? surr% tha’_[ you have
A B » used all the information given in the
qguestion.
+—X T —»
20N
Suppose that the centre of mass acts at a point
xm from A.
Resolving vertically, 3R + R = 20 Whichever point you choose to take
R=5 . moments about, you are going to need to
Taking moments about A: know the magnitude of R.
20x.r=15><1+T5x2.5
20x = 275 Use your value of R.
x =135 (& =}]

The centre of mass is 1.36m from A, to 3 s.k.

1 {|NE3 PROBLEM-SOLVING

1 A non-uniform rod 4B, of length 4m and weight 6 N, rests horizontally on two supports, 4 and B.
Given that the centre of mass of the rod is 2.4 m from A, find the reactions at the two supports.
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2 A non-uniform bar 4B, of length 5m, is supported horizontally on supports, 4 and B.
The reactions at these supports are 3g N and 7¢ N respectively.

a State the weight of the bar.

b Find the distance of the centre of mass of the bar from A4.

3 A non-uniform plank 4B, of length 4m and weight 120N, is pivoted at its midpoint. The plank
is in equilibrium in a horizontal position with a child of weight 200 N sitting at 4 and a child of
weight 300 N sitting at B. By modelling the plank as a rod and the two children as particles, find
the distance of the centre of mass of the plank from A.

® 4 A non-uniform rod 4B, of length 5m and mass 15kg, rests horizontally suspended from
the ceiling by two vertical strings attached to C and D, where AC = 1m and AD =3.5m.

a Given that the centre of mass is at £, where AE = 3m, find the magnitudes of the
tensions in the strings.

When a particle of mass 9kg is attached to the rod at F, the tension in the string at D
is twice the tension in the string at C.

b Find the distance AF.

5 A plank AB has mass 24kg and length 4.8 m. A load of

mass 15kg is attached to the plank at the point C, where
AC = 1.4m. The loaded plank is held in equilibrium, with < 4.8m >
AB horizontal, by two vertical ropes, one attached at A
and the other attached at B, as shown in the diagram. ‘_1'4"1_'2
The plank is modelled as a uniform rod, the load as a 4 G B
particle, and the ropes as light inextensible strings.
a Find the tension in the rope attached at B. (4 marks)
The plank is now modelled as a non-uniform rod. With the new model, the tension in the
rope attached at A4 is 25 N greater than the tension in the rope attached at B.
b Find the distance of the centre of mass of the plank from A. (6 marks)
@ 6 A seesaw in a playground consists of

a beam AB of length 10m which is Sophia c Roshan
supported by a smooth pivot at its A B
centre C. Sophia has mass 30 kg and sits A .
on the end 4. Her brother Roshan has ) i @ .
mass 50 kg and sits at a distance x metres ) ]
from C, as shown in the diagram. The beam is initially modelled as a uniform rod.
a Using this model, find the value of x for which the seesaw can rest in equilibrium

in a horizontal position. (3 marks)
b State what is implied by the modelling assumption that the beam is uniform. (1 mark)

Roshan finds he must sit at a distance 4m from C for the seesaw to rest horizontally in
equilibrium. The beam is now modelled as a non-uniform rod of mass 25kg.

¢ Using this model, find the distance of the centre of mass of the beam from C. (4 marks)
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7 A non-uniform rod 4B, of length 25m and «—6m—> «5Sm—>

CHAPTER 8

B

weight 80 N, rests horizontally in equilibrium 4 C /\ D /\
on supports C and D as shown in the diagram.
The centre of mass of the rod is 10m from A.

A particle of weight W newtons is attached to the rod at a point £, where E is x metres from A.

The rod remains in equilibrium and the magnitude of the reaction at C is five times the
magnitude of the reaction at D.

Show that W = 400

75 _ 3¢ (S marks)

€D Tilting

You need to be able to answer questions involving rods that are on the point of tilting.

= When arigid body is on the point of tilting about a pivot, the reaction at any other support
(or the tension in any other wire or string) is zero.

Example o I rrosiem-sowving

A uniform beam A B, of mass 45kg and length « Sm—»< 9m s 2m-»
16 m, rests horizontally on supports C and D & C A D A
where AC =5m and CD =9m. When a child

stands at 4, the beam is on the point of tilting

about C. Find the mass of the child.

RN Draw a diagram showing the forces.
A Remember, as the beam is ‘'on the point of
tilting’, C'is a pivot and the reaction force at
«—Om——«3m—> D is zero.
A .. f B
mg N 45g N

Take moments about C. This means you can
ignore the reaction R.

Tak'mca moments about C: »

mgxo=3x4bg
S5mg=135g
135g — Anticlockwise moment = Clockwise moment
m=——=27
og
The mass of the child is 27 kqg.
@ See the point at which the

beam starts to tilt due to the weight of the
child and explore the problem with different
forces and distances using GeoGebra.
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Example o I (INE3) PROBLEM-SOLVING

A non-uniform rod 4B, of length 10m and weight 40 N, is suspended from a pair of light cables
attached to C and D where AC =3m and BD = 2m.

When a weight of 25N is hung from A4 the rod is on the point of rotating.

Find the distance of the centre of mass of the rod from A.

T N Draw a diagram showing the forces about C.
A As the rod is ‘on the point of rotating’, Cis a
' pivot and the tension force at D is zero.
e Lg e As the rod is non-uniform you don’t know

A C D B the distance from A to the centre of mass,
so you can label it as x.

25N 40N

- xm »

You don't require the tension force, T,
so take moments about C.

Takin@ moments about C: -

25 x3=40x%x (x - 3)

75 =40x - 120 Problem-solving

40x = 195
The distance from C to the centre of mass

XSO is (x — 3) m. Equate the clockwise and
Distance of the centre of mass from A4 is 4.875m. anticlockwise moments then solve the

equation to find the value of x.
5 {{NE:3) PROBLEM-SOLVING

1 A uniform rod 4B has length 4m and mass 8 kg. It is resting in a horizontal position on supports at
points C and D where AC = 1m and AD = 2.5m. A particle of mass mkg is placed at point £
where AFE = 3.3m. Given that the rod is about to tilt about D, calculate the value of m.

2 A uniform bar 4B, of length 6m and weight 40 N, is resting in a horizontal position on supports at
points C and D where AC =2m and AD = 5m. When a particle of weight 30 N is attached to the bar
at point E, the bar is on the point of tilting about C. Calculate the distance AE.

3 A plank AB, of mass 12kg and length 3m, is in equilibrium in a horizontal position resting on
supports at C and D where AC =0.7m and DB = 1.1 m. A boy of mass 32kg stands on the plank
at point E. The plank is about to tilt about D. By modelling the plank as a uniform rod and the
boy as a particle, calculate the distance AFE.

® 4 A uniform rod 4B has length 5m and weight 20N. The rod is resting on supports at points C
and D where AC=2m and BD = 1m.

a Find the magnitudes of the reactions at C and D.

A particle of weight 12N is placed on the rod at point A.

b Show that this causes the rod to tilt about C.

A second particle of weight 100N is placed on the rod at £ to hold it in equilibrium.

¢ Find the minimum and maximum possible distances of E from A.
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A uniform plank of mass 100kg and length . 7m

10 m rests horizontally on two smooth y f B f
supports, 4 and B, as shown in the diagram.

A man of mass 80kg starts walking from one
end of the plank, A, to the other end.

Find the distance he can walk past B before the plank starts to tip. (4 marks)

Y

A non-uniform beam PQ, of mass m and length

8a, hangs horizontally in equilibrium from two
wires at M and N, where PM = a and ON = 2a,

as shown in the diagram. The centre of mass L ot

. . . |
of 1:hEq be;flm is at the point O. A particle of p Y, 5 N 0
mass 7m 18 placed on the beam at Q and the - » N
beam is on the point of tipping about .
a Show that ON = %a. (3 marks)

The particle i1s removed and replaced at the midpoint of the beam and the beam
remains in equilibrium.

b Find the magnitude of the tension in the wire attached at point N in terms of g. (5 marks)

A uniform beam A B, of weight WB and
length 14m, hangs in equilibrium in a
horizontal position from two vertical cables
attached at points C and D where AC =4m A C D B
and BD = 6m.

A weight of 180 N is hung from 4 and the beam is about to tilt. The weight is removed and a
different weight, "N, is hung from B and the beam does not tilt. Find the maximum value of V.

Y

—4dm—le——4m—>|« 6m

(6 marks)
Chapter review o

A plank AE, of length 6m and O
weight 100N, rests in a
horizontal position on supports B D E
at Band D, where AB=1m

» C
and DE = 1.5m. A child of lm—:-A JAN B
weight 145N stands at C, the :_ m ' R
midpoint of AE, as shown in
the diagram. The child is modelled as a particle and the plank as a uniform rod.
The child and the plank are in equilibrium. Calculate:
a the magnitude of the force exerted by the support on the plank at B (3 marks)
b the magnitude of the force exerted by the support on the plank at D. (2 marks)

The child now stands at a different point F on the plank. The plank is in equilibrium
and on the point of tilting about D.

¢ Calculate the distance DF. (4 marks)
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¥

2 A uniform rod 4B has length p s
4m and weight 150 N. 4 C D B

The rod rests in equilibrium i‘_», f‘_\
in a horizontal position,

; «—Im——>
smoothly supported at points & 9 R
Cand D, where AC =1m and
AD =2.5m, as shown in the diagram. A particle of weight WN is attached to the rod at point £
where AE = x metres. The rod remains in equilibrium and the magnitude of the reaction at C'is
now equal to the magnitude of the reaction at D.

150

L
=

a Show that W= T (6 marks)

b Hence, deduce the range of possible values of x. (3 marks)
® 3 A uniform plank 4B has mass 40 kg and « im N

length 4m. It is supported in a horizontal - e N

position by two smooth pivots. One pivot is P & .

at the end A and the other is at the point C A A

where AC = 3m, as shown in the diagram.

A man of mass 80kg stands on the plank which remains in equilibrium. The magnitude of the
reaction at A4 is twice the magnitude of the reaction at C. The magnitude of the reaction at C is
RN. The plank is modelled as a rod and the man is modelled as a particle.

a Find the value of R. (2 marks)
b Find the distance of the man from A. (3 marks)
¢ State how you have used the modelling assumption that:

i the plank is uniform

ii the plank is a rod

iii the man is a particle. (3 marks)
4 A non-uniform rod 4B has «—Im— «0.5m—>
length 4m and weight 150N. 4 A A B
The rod rests horizontally in = 5
equilibrium on two smooth y . g 5

supports C and D, where

AC =1m and DB = 0.5m, as shown in the diagram. The centre of mass of 4B is x metres from A.
A particle of weight W' N is placed on the rod at 4. The rod remains in equilibrium and the
magnitude of the reaction of C on the rod is 100 N.

a Show that 550 + 71 = 300x. (4 marks)

The particle is now removed from 4 and placed on the rod at B. The rod remains in equilibrium
and the reaction of C on the rod now has magnitude 52 N.

b Obtain another equation connecting # and x. (4 marks)
¢ Calculate the value of x and the value of W, (3 marks)
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A lever consists of a uniform steel rod 4B, - 2m
of weight 100N and length 2m, which rests l
on a small smooth pivot at a point C. A load 4 ¢
of weight 1700 N 1s suspended from the A
end B of the rod by a rope. The lever is held in

equilibrium in a horizontal position by a vertical force applied at the end A,

as shown in the diagram. The rope is modelled as a light string.

a Given that BC = 0.25m, find the magnitude of the force applied at A. (4 marks)

The position of the pivot is changed so that the rod remains in equilibrium
when the force at 4 has magnitude 150 N,

Y

b Find, to the nearest centimetre, the new distance of the pivot from B. (4 marks)

A plank 4B has length 4m. It lies on a horizontal A

platform, with the end A lying on the platform and //////}////

the end B projecting over the edge, as shown in the
diagram. The edge of the platform is at the point C. ‘

B

Jack and Jill are experimenting with the plank. Jack has mass 48 kg and Jill has mass 36 kg.
They discover that if Jack stands at B, Jill stands at 4, and BC = 1.8 m, the plank is in
equilibrium and on the point of tilting about C.

a By modelling the plank as a uniform rod, and Jack and Jill as particles, find the mass of the plank.
(4 marks)

They now alter the position of the plank in relation to the platform so that, when Jill stands at B
and Jack stands at A4, the plank is again in equilibrium and on the point of tilting about C.

b Find the distance BC in this position. (4 marks)
A plank of wood 4B has 5 ¢ B
mass 12kg and length Sm. A A

It rests in a horizontal «0.5m—>

< 5m .

position on two smooth
supports. One support is at the end 4. The other is at the point C, 0.5m from B,
as shown in the diagram. A girl of mass 30kg stands at B with the plank in equilibrium.

a By modelling the plank as a uniform rod and the girl as a particle,
find the reaction on the plank at A. (4 marks)

The girl gets off the plank. A boulder of mass m kg is placed on the plank at 4 and a man of
mass 93 kg stands on the plank at B. The plank remains in equilibrium and is on the point of
tilting about C.

b By modelling the plank again as a uniform rod, and the man and
the boulder as particles, find the value of m. (5 marks)

A plank 4B has mass 50kg and length 4m. A load of mass
25kg 1s attached to the plank at B. The loaded plank is held
in equilibrium, with A B horizontal, by two vertical ropes

attached at 4 and C, as shown in the diagram. The plank is
modelled as a uniform rod and the load as a particle. Given
that the tension in the rope at C is four times the tension in C
the rope at A4, calculate the distance CB. (7 marks) " i

Y
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() 9 Abeam 4B has weight 200N ¢ &
and length 5m. The beam A A
rests in equilibrium in a i
horizontal position on two < S5m >

smooth supports.
One support is at end 4 and the other is at a point C on the beam, where BC = 1 m, as shown in
the diagram. The beam is modelled as a uniform rod.

a Find the reaction on the beam at C. (4 marks)

A woman of weight 500 N stands on the beam at the point D. The beam remains in
equilibrium. The reactions on the beam at 4 and C are now equal.

b Find the distance AD. (S marks)

10 The beam of a crane is modelled as a uniform rod < 30m >
AB, of length 30m and weight 4000 kg, resting in A<l0mse —ym—» B
horizontal equilibrium. The beam is supported by O s :
a tower at C, where AC = 10m. A counterbalance 3000kg Mke

mass of weight 3000 kg is placed at 4 and a load of
mass M is placed a variable distance x m from the
supporting tower, where x = 5.

a Find an expression for M in terms of x. (4 marks)
b Hence, determine the maximum and minimum loads that can be lifted by the crane. (2 marks)

¢ Criticise this model in relation to the beam. (1 mark)

Challenge

1 A builder is attempting to tip over a refrigerator. The refrigerator
is modelled as a rectangular lamina of weight 1200 N. The centre
of mass of the lamina is at the point of intersection of the
diagonals of the rectangle, as shown in the diagram.

Given that the refrigerator is pivoting at vertex P and that the
base of the refrigerator makes an angle of 20° to the floor, find the
minimum force needed to tip the refrigerator if the force is applied:

a horizontally at 4
b vertically at B.
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Summary of key points

1 Clockwise moment of F about P = |F| x d 2 W T mennent of the fore I

F is acting about the point P.

2 Clockwise moment of F about P = [F| x dsinf

3 The sum of the moments acting on a body is called the resultant moment.

4 When arigid body is in equilibrium, the resultant force in any direction is ON and the resultant
moment about any point is ONm.

5 When arigid body is on the point of tilting about a pivot, the reaction at any other support
(or the tension in any other wire or string) is zero.



Review exercise

1

A particle of mass 3 kg is moving up a
rough slope that is inclined at an angle o
to the horizontal where tan o = %

A force of magnitude P N acts
horizontally on the particle toward the
plane. Given that the coefficient of friction
between the particle and the slope is

0.2 and that the particle is moving at a

constant velocity, calculate the value of P
« Mechanics 1 Sections 5.2, 5.3

A particle of mass 2 kg sits on a smooth
slope that is inclined at 45° to the
horizontal. A force of F'N acts at an
angle of 30° to the plane on the particle
causing it to accelerate up the hill at 2ms-2.

o

45°

Show that F=0.6N (2s.f.)

« Mechanics 1 Sections 5.2, 5.3

A shipping container of mass 15000 kg is
being pulled by a winch up a rough slope
that is inclined at 10° to the horizontal.
The winch line imparts a constant force
of 42000 N, which acts parallel to and up
the slope, causing the shipping container
to accelerate at a constant rate of 0.1 ms=2.

Calculate:

a the reaction between the shipping
container and the slope

(2)

b the coefficient of friction, u, between
the shipping container and the slope.

3)

REVIEW EXERCISE

When the shipping container is travelling
at 2ms~! the engine is turned off.

¢ Find the time taken for the shipping
container to come to rest. (3)

d Determine whether the shipping
container will remain at rest, justifying

your answer carefully. (2)

« Mechanics 1 Sections 5.2, 5.3

A ball of mass 0.3kg is released at rest from
a point at a height of 10m above horizontal
ground. After hitting the ground the ball
rebounds to a height of 2.5m.

Calculate the magnitude of the impulse
exerted by the ground on the ball. 4)

« Mechanics 1 Section 6.1

A toy racing car of mass 250 g is
travelling on a smooth horizontal surface
with momentum 2 Ns. At point A4 it
passes onto a rough horizontal surface
where the coefficient of friction u = 0.2.

a Modelling the car as a particle which
slides over the surface, find, to the
nearest metre, the distance taken
for the racing car to come to a
complete stop. (6)

b In reality the car stops in a shorter
distance. Suggest one reason for this,

(1
¢« Mechanics 1 Section 6.1

Two particles 4 and B have masses 0.4kg
and 0.3 kg respectively. They are moving
in opposite directions on a smooth
horizontal table and collide directly.
Immediately before the collision, the speed
of A1s 6ms~! and the speed of Bis 2ms!,
As a result of the collision, the direction
of motion of B is reversed and its speed
immediately after the collision is 3ms~!.



REVIEW EXERCISE

Find:

a the speed of 4 immediately after the
collision, stating clearly whether the
direction of motion of A is changed
by the collision

E® s

3)
b the magnitude of the impulse exerted

on B in the collision, stating clearly the

units in which your answer is given. (3)

« Mechanics 1 Sections 6.1, 6.2

A railway truck S of mass 2000 kg

is travelling due east along a straight
horizontal track with constant speed
12ms~!. The truck S collides with a truck
T which is travelling due west along the
same track as S with constant speed

6ms~!. The magnitude of the impulse of
T on Sis 28800 Ns.

a Calculate the speed of S immediately

@ 10

after the collision. (2)
b State whether or not the motion
of §is changed by the collision. (D

¢ Given that, immediately after the
collision, the speed of T'is 3.6ms~!, and
that 7'and S are moving in opposite
directions, calculate the mass of 7. (3)
« Mechanics 1 Sections 6.1, 6.2

Two particles 4 and B, of masses 0.5kg

and 0.4kg respectively, are travelling in the 11
same straight line on a smooth horizontal

table. Particle 4, moving with speed

3ms~!, strikes particle B, which is moving

with speed 2ms-! in the same direction.

After the collision 4 and B are moving in

the same direction and the speed of B is

0.8 ms~! greater than the speed of A.

a Find the speed of 4 and the

speed of B after the collision. (5)
b Show that 4 loses momentum
0.4 N's in the collision. 3)

Particle B later hits an obstacle on the
table and rebounds in the opposite
direction with speed 1 ms-1.
¢ Find the magnitude of the impulse
received by B in this second impact. (3)
<« Mechanics 1 Sections 6.1, 6.2

Two particles 4 and B, of masses 3kg
and 2kg respectively, are moving in the
same direction on a smooth horizontal
table when they collide directly.
Immediately before the collision, the
speed of 4 is 4ms~! and the speed of B
is 1.5ms~!. In the collision, the particles
join to form a single particle C.

Find the speed of C immediately after the
collision. (3)

« Mechanics 1 Sections 6.1, 6.2

Two particles P and Q have masses

3kg and mkg respectively. They are
moving toward each other in opposite
directions on a smooth horizontal table.
Each particle has speed 4 ms~!, when
they collide directly. In this collision,

the direction of motion of each particle
is reversed. The speed of P immediately
after the collision is 2ms~! and the speed

of Ois Ims~.
Find:
a the value of m (3)
b the magnitude of the impulse
exerted on Q in the collision. (2)

« Mechanics 1 Sections 6.1, 6.2

A smooth bead B of mass 1 kgis
threaded on a light inextensible string.
The ends of the string are attached to two
fixed points 4 and C where A is vertically
above C. The bead is held in equilibrium
by a horizontal force F. AB and BC make
angles of 30° and 60° respectively with
the vertical, as shown in diagram.

A

Rile

60°
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13

14

a Show that the tension in the string is

2g
— 3
V.| )

b Calculate the magnitude of F. (3)
¢ State how you have used the fact
that the bead is smooth in your

calculations. (1)
¢« Mechanics 1 Section 7.2

A crate of mass 500 kg sits on a hill which
is inclined at an angle « to the horizontal
where tana = %. The coefficient of friction
between the hill and the crate is 0.15,

and the crate is held at rest by a force of
magnitude F N which acts parallel to and
up the line of greatest slope of the hill.

By modelling the crate as a particle,
a show that the normal reaction
of the hill on the crate is 480g N (3)

b work out the minimum value of F. (3)
« Mechanics 1 Section 7.3

A box of 12kg sits on a rough horizontal
table. It is connected to a second box

of mass 3kg via a pulley by a light
inextensible string.

12kg

kg

Given that the system is in limiting
equilibrium, work out the value of the
coeflicient of friction of the table.

« Mechanics 1 Sections 7.2, 7.3

Two boxes of mass m, and m, sit on
different rough slopes that are angled at
), and 6, to the horizontal. The boxes are
joined by a light inextensible string via a
pulley as shown in the diagram.

15

16

1@

REVIEW EXERCISE

The coefficient of friction y is the same
for both slopes.

Given that the system is in limiting
equilibrium,
m,sin ), — m,sind,

show that u = :
i m,cost, — m,cosf,

« Mechanics 1 Sections 7.2, 7.3

A box of mass 10kg is released from
rest from a point P that lies 10m up a
smooth plane that is inclined at 30° to
the horizontal.

a Work out the speed of the box when it
reaches the bottom of the slope.

At the bottom of the slope, the box
meets a rough horizontal plane that has
coefficient of friction u = 0.2.

b Work out how far the box travels from
the instant it is released.

« Mechanics 1 Sections 7.2, 7.3

B2m Am

| 30°

A box A4 of mass mkg is held at rest on

a rough horizontal plane that is inclined
at 30° to the horizontal. The coefficient
of friction between the box and the plane
is % Box A is connected to a second box B
of mass 2mkg by a light inextensible
string that passes over a smooth pulley.
The system is released from rest with

the string taught and B at a height of

1 m above the ground. In the subsequent
motion 4 does not hit the ground.

a Calculate the acceleration of the
system when box A is released
from rest. 9)
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When B hits the ground, it does not
rebound and comes to immediate rest.

b Find the distance travelled by 4 from
the instant when the system is released
until the instant when A first comes
to rest. (7)

¢ Mechanics 1 Section 7.3

A non-uniform rod 4B, of length 0.8 m,
rests on the edge of a table as shown in
the diagram.

A B

«— ().2 m—»

20N

The centre of mass of the rod acts at a
point 0.6m from A and a force of 20N is
applied vertically downward at 4. Given
that the rod is on the point of tipping,
show that the weight of the rod is 10 N.

« Mechanics 1 Sections 8.4, 8.5

Challenge

1 A lever consists of a uniform steel rod AC of

weight 100N and length 2k m, which rests on a
pivot at B that has a height of 0.3k m.
AB=0.5km. A mass mkg is attached to the
lever at A. The mass is lifted by means of a
force of magnitude F'N that is applied vertically
downward at C. Show that F > (mg — 100)N.

C

« Mechanics 1 Sections 8.3, 8.5

A sleigh is held at rest via a rope. The sleigh sits
on a rough slope that is inclined at and angle of
« to the horizontal. The coefficient of friction of
the slope is u. The rope is removed causing the

sleigh to slide down the slope. Show that

in ¢ seconds the sleigh travels a distance of

1 i
= ot<(sin v — L COS ). . .
28 (sina i ﬂ'r) « Mechanics 1 Section 5.3

Two identical balls A and B are moving toward
each other on a smooth horizontal plane. Ball A
has speed 4ms-! and ball B has speed 3ms-..
After the balls collide directly, the direction of
motion of both balls is reversed. It then takes
ball 4 10s to reach a point that is 5m from the
point of collision. Work out the speed of ball B

after the collision.
« Mechanics 1 Section 6.2
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Exam-style practice

Mathematics
International Advanced Subsidiary/
Advanced Level Mechanics 1

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 Two particles P and Q, of mass 4kg and 2 kg respectively, move in the same direction on a
smooth horizontal surface with constant speeds of 0.2ms-! and 0.1 ms-! respectively.
Att=0s, Pand Q are 0.8 m apart.

a Work out the time taken for P and O to collide. (6)

After the collision, the speed of P is halved, and both P and O continue to move
in the same direction.

b Work out the speed of Q. (4)

2 The velocity-time graph shows the motion of a train during a particular journey.
A

90~
80 -
70+
60 -
50+
4011
304
20+
10+
0 . . o

1] 1

Velocity (km/h)

Time {h{iurs}

a Describe what is happening between:

i t,and ¢, (1)
ii ¢ and 1, (1)
iii 7, and #;. (1)

The train travels 120 km between ¢, and ,. Work out:
b the total length of the journey (1)
¢ the total distance travelled by the train. (4)
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3 A non-uniform rod 4B of length 4m and of mass 20 kg rests on two pivots P and Q that are
0.5m from 4 and B respectively. A mass of 50kg is placed at B causing the rod to be on the
point of tipping around Q.

a Work out the distance of the centre of mass from A. (5)
The mass is removed from B.

b Work out the reaction at P and Q. (4)

4 A particle P of mass 3mkg is attached by a light inextensible string to a particle Q of mass
mkg via a pulley. Particle Q is held at rest on the ground while particle P is at a height of 1.2m
above the ground.

Im

Y
m

Particle Q is released.

a Work out the acceleration of particle O and the tension in the string. (8)
b Show that the time taken for particle P to hit the ground i1s 0.353s (3 s.f) (4)

5 A sledge 4 of mass 1200kg is connected to a second sledge B of mass 300kg by an inextensible
tow-bar. The sledges sit on a rough horizontal track that has coefficient of friction u. A forward
force of 5940 N is applied to sledge A4 causing it to accelerate at 2ms~.

a Show that u =0.2. (3)
b Work out the tension in the tow-bar. (4)
¢ State one modelling assumption used 1n part a. (1)

After 5 seconds the tow-bar snaps.

d Assuming that resistance remains the same, work out how far sledge B travels
before coming to rest. (8)
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6 A ship leaves point 4 and sails with velocity (5i + 4j) kmh~!. After 3 hours it reaches point B
where it changes direction and sails with velocity (8i — 2j) kmh~!. After 4 hours it reaches
point C where it stops for the night.

a Work out the average speed of the ship between 4 and C. (5)
The next day the ship sails directly back to A4 at a speed of 10kmh-!.
b Work out the time taken for the ship to reach A. (3)

7 A particle A of mass m sits on a slope that is inclined at an angle of 6 to the horizontal.
The particle is held in equilibrium by two forces. One of the forces has magnitude P and acts
horizontally on the particle. The other force has magnitude P and acts parallel to the slope.

Show that P mgsind 3
a Show that P=-——"—. 3)
b Show that the normal reaction between the particle and the plane is mg. 3)

The force acting horizontally is removed.

¢ Given that P =0.25mg and # = 30°, find the initial acceleration of the particle. (3)



GLOSSARY

GLOSSARY

acceleration positive rate of change of velocity

acceleration-time graph a graph of acceleration
versus time

air resistance resistance due to air
assumption accepted as true

at rest stationary; not moving
bead a particle with a hole in it
body an object

buoyancy the upward force on a body that allows
it to float or rise when submerged in a liquid
(i.e. underneath the surface)

centre of mass the point through which the
mass of an object is concentrated

coefficient of friction a measure of roughness
(having a surface that is not level or smooth),

usually denoted u
column vector a vector written in the form (‘Z)
component a part

compression the force acting on an object that is
being pushed

constant does not change; remains the same
coplanar in the same plane
deceleration negative rate of change of velocity

directed line segment a segment (part of a line)
that has distance and direction

displacement distance in a particular direction

displacement-time graph a graph of displacement
versus time

equation of motion the F = ma equation
equilibrium having zero resultant force
force a push or a pull

force diagram a diagram showing the forces acting
on a body

friction resistance due to the roughness of a surface
(the quality of a surface that is not level or smooth)
on which a body is moving

gravity the force between any object and the Earth
impulse change in momentum

impulse-momentum principle states that the
change in momentum of an object is equal to the
impulse applied to it

inclined sloped; at an angle

inextensible doesn'’t stretch

kinematics the branch of mathematics that deals
with motion

kinematics formulae formulae that deal with
kinematics; also known as suvat formulae

lamina a two-dimensional object whose thickness
can be ignored

light inextensible string a connecting string for
which you can assume negligible mass and fixed
length

light object an object of negligible mass

light pulley a pulley of negligible mass
limiting value the value below which a system
remains constant

maghnitude size

mass the measure of how much matter
(physical substance) is in an object

maximum the largest possible value

mechanics the branch of mathematics that deals
with motion and the action of forces on objects

midpoint the point of a line that divides it in two
equal parts

minimum the lowest possible value

model an attempt to describe a system using a
set of variables and a set of equations that define
relationships between the variables

moment measures the turning effect of force on a
rigid body

momentum the mass of an object multiplied by its
velocity

motion movement; the way something moves
negative less than zero

negligible very small or unimportant; not necessary
to consider

newton unit of force

Newton’s first law of motion states that an object
at rest will stay at rest, and that an object moving
with constant velocity will continue to move with
constant velocity unless an unbalanced force acts on
the object

Newton’s second law of motion states that the
force needed to accelerate a particle is equal to
the product of the mass of the particle and the
acceleration produced
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Newton’s third law of motion states that for every
action there is an equal and opposite reaction

non-uniform a body with mass that is not evenly
distributed

normal reaction the force exerted on an object by
the surface on which it rests

opposite on the other side of something;
the reverse of

parallel two lines side-by-side, the same distance
apart at every point

parallelogram law when two vector quantities are
represented by two adjacent sides of a parallelogram
then the resultant of these vectors is represented by
the diagonal of the parallelogram

particle an object with negligible dimensions
pivot the point on which an object (usually a rod) rests
plane a level surface

position vector describes the position of an object
relative to (i.e. in relation to) a given point, usually the
origin, using vector notation

positive greater than zero

principle of conservation of momentum states that
in a collision (crash) between two objects, the total
momentum of the two objects before the collision is
equal to the total momentum of the two objects after
the collision

rate of change the ratio between a change in one
variable relative to (i.e. in relation to) a similar or
related change in another variable

resistance opposition
resultant the sum of two or more quantities

rigid body a solid body which is unchanging or not
easily changed

rod a thin straight object that does not bend
rough surface a surface that has friction
scalar a quantity with magnitude only

shunt a rigid, inextensible rod used to
connect two bodies

Sl units 'Systeme International d'Unités’;
international units of measurement

smooth without friction
speed the measure of how quickly a body moves

speed of projection the measure of how quickly a
body moves at the instant of release

static not moving

suvat formulae formulae that deal with motion;
also known as kinematics formulae

taut stretched or pulled tight; not slack

tension the pulling force passed via a string or other
continuous object

thrust the force acting on an object that is being
pushed

tilt to position with one side or end higher than the
other side

triangle law states that when two vectors (or forces)
are represented by two sides of a triangle, then the
third side of that triangle represents the resultant of
the vectors (or forces)

uniform body a body with evenly distributed mass

uniformly not varying; the same in all parts and at
all times

unit vector a vector with a magnitude of 1
validity how true or reasonable (valid) something is

vector a quantity that has both magnitude and
direction

vector addition the addition of vector quantities
velocity the rate of change of displacement
velocity-time graph a graph of velocity versus time

weight the downward force caused by gravity
on an object
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ANSWERS

CHAPTER 1
Prior knowledge check
1a r=4orx=- b x=3orx=-1%
¢ r=2260r2=-0591 d x=1+;
2 8 =103 y==61.0° b x=14.53=58.7
3 a 833cms! b 5000kgm-*
4 a 7.65x10° b 3.806 x 10-3
Exercise 1A
1alilk=0 ii h=6m
b h=-48m
¢ Model is not valid when x = 200 as height would be
48 m below ground level.
2 a 90m
b ih=90m 1ii h=40m
¢ h=-1610m
d Model is not valid when ¢ = 20 as height would be
1610 m below sea level.
3 a x=230mor8.70m
b k=10m
¢ When k = 10 metres the ball passes through the net
so the model is not valid for £ > 10.
4 a 1320m
b Model is valid for 0 = ¢t = 10.
5 0=2=<120
6 0=st=6

Exercise 1B

1

a Ignore the rotational effect of any external
forces that are acting on it, and the effects
of air resistance.

b Ignore the frictional effects on the football
due to air resistance.

a Ignore the rotational effect of any external
forces that are acting on it, and the effects
of air resistance.

b Ignore any friction between the ice hockey puck
and the ice surface.

The parachutist and parachute should be considered

together as one particle as they move together.

a If modelled as a light rod, the fishing rod is
considered to have no thickness and is rigid.

b If the fishing rod had no thickness and was rigid it
would be unsuitable for fishing,.

a Model golf ball as a particle; ignore the effects
of air resistance.

b Model child on sledge as a particle; consider the hill
as smooth.

¢ Model objects as particles; string as light and
inextensible; pulley as smooth.

d Model suitcase and handle as a particle; path as
smooth; ignore friction.

Exercise 1C

1

2

a 18.1ms! b 150kgm- ¢ 5x10-ms!
d 0.024kgm=> e 45kgm™ f 63kgm?
a A: Normal reaction, B: Forward thrust, C: Weight,
D: Friction.
b A: Buoyancy, B: Forward thrust, C: Weight,
D: Water resistance or drag.

C

d

A: Normal reaction, B: Friction, C: Weight,
D: Tension.
A: Normal reaction, B: Weight, C: Friction.

Chapter review 1

1 a 3.6m

b 1mand 7m

¢c OD=x=8

d 48m

2 a 7.68m

b 4.15m

¢ Ignore the effects of air resistance on the diver and
rotational effects of external forces.

d Assumption not valid; diver experiences drag and
buoyancy in the water.

3 a Model the man on skis as a particle — ignore the
rotational effect of any forces that are acting on the
man as well as any effects due to air resistance.
Consider the snow-covered slope as smooth —
assume there is no friction between the skis and the
snow-covered slope.

b Model the yo-yo as a particle — ignore the rotational
effect of any forces that are acting on the yo-yo as
well as any effects due to air resistance.

Consider the string as light and inextensible —
ignore the weight of the string and assume it does
not stretch.

Model the yo-yo as smooth — assume there is no
friction between the yo-yo and the string.

4 a 41.7ms!

b 6000 kgm-?

c 1.2x10°kgm?

5 a Model ball as a particle. Assume the floor is smooth.

b i Positive — the positive direction is defined as the

direction in which the ball is travelling.
ii Negative — the ball will be slowing down.
CHAPTER 2
Prior knowledge check

1:8: 13 H.73.5

b i?2 ii 150

¢ i-15 ii 26.25

2 26.25 miles

3 a x=2,y=-1.0

b =127 orx==-2.77

Exercise 2A

1 a A8kmh! B40kmh-!, COkmh-!,D kmh-!,
E -66.7Tkmh-1

b Okmh-! ¢ 50kmh-!

2 a 187.5km b 50kmh-!

3 a 12Zkmh-! b 12:45

¢ -10kmh-t 3kmh-! d 7.5kmh!

4 a 25m,0.75s b Oms!

¢ i The velocity of the ball is positive (upward).

The ball is decelerating until it reaches 0 at the
highest point.

ii The velocity of the ball is negative (downward),
and the ball is accelerating.



Exercise 2B
1 a 2.25ms?

2 a pims')4

b 90m

10

Y

0

360 m
0.4ms2

rims')a

L(s)

b %ms--z or 0.53 mg2 ¢ 460m

o w
=R =

e

L.

O€lbre——"T—><25—> ((g)

100s
plims"')4

&
==

12|------

=20—>= 1k >t —> IT‘-.-}

h T=320 c
6 a vims!')4

| 7 .

Ol — 15— 47— < T— {(s)

b 60s
7 a u=$ b %_j’ma-2=2.22ms—2
8 a vims') A
/tT
P - e R .
24f---- / o i
| : M
ol 8 20 T 1(s)
b 720m
Challenge
a bs b 16.5m ¢ i 105m ii 4.5m

Exercise 2C
1 a Slowing down (decelerating)
b Constant velocity
¢ Accelerating
d 54ms!

(A
1
—
0 10 14 ¢
—0.5
b va
22 22
e
15
T T T >
0 4 10 14 1
¢ 296m
3 A
2.5
—
0 4 12 20 !
-2.5
Challenge
a aA
5
0 T T 46 7+16 ¢
_4—
b T=4
Exercise 2D
1 20ms!
2 0.625ms=?
3 20ms!
4 a 9ms! b 72m
5 a 3ms! b limaf
6 a 92ms’! b 33.6m
7 a 18kmh! b 312.5m
8 a 8s b 128m
9 a 0.4ms? b 320m
10 a 0.25ms? b 16s ¢ 234m
11 a 19ms! b 24ms? ¢ 430m
12 a x=0.25 b 150m
13 b 500m
Challenge
a t=3 b 12m
Exercise 2E
1 Tms!
2 %m.ﬂr:J
3 2ms2
4 0.175ms2
5 a 2.5ms? b 4.8s
6 a 3.5ms! b 15.5ms!
7 a 54m b 6s
8 a 90m b 849ms!(3s.f)
9 a 33s(1dp) b 16.2ms!(1d.p.)

@ Full worked solutions are available in SolutionBank.



1.8(t - 1)*Im

10 a t=4o0rt=8 s

b t=4:4ms!in direction A_>B

t = 8: 4ms-! in direction BA.

11 a (=08o0rt=4

b 15.0ms!(3s.f)
12 a 2s b 4m
13 a 0.34ms!? b 25.5s5(3s.f)
14 a P (4t +t3m Q:[3(t-1) +

b t=6 ¢ 60m
15 a 4.21kmh-2 b 0.295kmh-!

Exercise 2F

1 a 24s b 23.4ms!
2 41s5(2s.f)
3 41m(2s.f)
4 a 29m(2s.f) b 245(2s.f)
b a 5.5ms1(2s.f) b 20ms1!(2s.f)
6 a 40ms1(2s.f) h 37s(2sf)
7 a 39ms! b 78m(2s.f)
8 47m(2s.f)
9 a 3.4s(2s.f) b 29m(2s.f)
10 2.8s5(2s.f)
11 a u=29(2s.f) b 6s
12 30m (2 s.f)
13 a 5.6m(2s.f) b 32mi(2s.f)
Challenge
1 a 14s(2s.f) b 72m (2 s.f)
2 155m (3 s.f)
Chapter review 2
1 a vims )4
T L) . :
o] 20 180 1(s)
h 2125m
2 a p(ms)a
15 .
0 32 32+T t(s)
K =12
¢ s(m)a
570 |-----—-m e |
LRl peonssssenainag , |
0 32 44 ((s)

ANSWERS

3

4
5

=

14
15
16
17

a i a = gradient of line. Using the formula for the
nr=u

gradient of a line, a = , which can be

rearranged to give v = u + al
ii s = area under the graph. Using the formula for

the area of a trapezium, s = (” s ”)L

!

LR

J{,

¢ ) . B—1 . L ju+
b i Substitute t = = l[ltﬁb—( 5 }
L.

i+

ii Substitute v = u + at into 5 = {

2
iii Substitute 4 = v — at into s = {“; L'”Jf,

=28 '

A

E_

1

{] T T T i i | T T }
1 12?455?‘9103
_2—
0.165ms 2 (3 d.p.)
a 60m b 100m
1.9s
a i 41s(2sf) ii 40ms1(2s.f)
b air resistance
a u=11 b 22m
a 28ms! b 208m
a 8ms! b 1.25ms2 ¢ 204.8m
a 33ms1(2s.f) h 34s5(2s.f)
C p(ms')a

21
0 t(s)
-33

a H0s b 242ms1(3s.f)
h=39(2s.f)
a 32ms! b 90m ¢ 5s

a prims!)4

»

34
22

rT:-;]

b 180m
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18 a v(ms1)a

30 |---- -

() -t—i.‘l—:-l-— T——i,— 300 t?s}

30 _ .. ., _1-30_ _ . 30
b ?zﬂzq.ﬁ]_x, .. = x=>tp=
So =2+ T+ 32 = 300 = 22 4 7= 300
¢ T=100,z=02 d 3km e 125s
Challenge
1.25
CHAPTER 3
Prior knowledge check
4 . 5 =1
1a [y b () ¢ (53)
2 a 1232° b 136 c 5.3 d 214°

3.8 zﬁ =-3a+4b
b |AB|= 5, Magnitude of AB

Exercise 3A
1 8.60km from the starting point on a bearing of 054°
2 10km, 7.2km on a bearing of 326°
J a = 4i, 'y = ol + Ej, Ly = =3i "I'j,
Uy =21+ 3),0:=-21-}, vy =-3)

b i 9i+2j ii 2j iii 2i — 4j
4 a 5 b 10 ¢ 13
d 447 (3s.f) e 5.83(3sf) f 8.06(3s.f)
g 5.83(3s.1) h 4.12(3s.f)
5 a 5.10(3s.f) b 7.07(3s.f) ¢ 14.0(3s.f)
6 a 53.1° above b 53.1° below
¢ 67.4° above d 63.4° above
7 a 149° to the right b 29.7° to the right
¢ 31.0° to the left d 104° to the left
Challenge
Possible solution:
T r>
h A
G gr|zry T
1 3
=18
q+S T - A
s 27s
T
\ ]
*«——— ) —> > X
= p+r e

Area of parallelogram = area of large rectangle — 2(area of
small rectangle) — 2 (area triangle 1) — 2(area triangle 2)

Area of parallelogram = (p + r)(g + s) - 2qr - 2(zpq)
- 2(zrs) = ps — qr

Exercise 3B

1a6i+2j b 10i+8 ¢ Tj d 10i+j
o =2i+j] £ 642 g 14i-7] h -8+
2 I =5 b ,u=—%
3 a Az% b u=-1 ¢ s=-1 d £=—%
4 a 3.61,023° b 4.12,104°
¢ 3.61, 304° d 2.24, 243°
Challenge
1=

]
In both cases, the direction and magnitude at both
positions is the same, so in both positions 4 is the same.

Exercise 3C

1 a 5ms! b 25kmh-!

¢ 5.39ms! d 8.06cms!
2 a 50km b 51.0m ¢ 474km d 967cm
3 a 5ms!, 75m b 539ms!, 16.2m

¢ 5.39kmh-!, 16.2km d 13kmh-', 6.5km

Exercise 3D

1a B8i+3j b 2i-7j ¢ -17i+16jd 7i-13j
2 a 2i+5 b i+ 3 ¢ 2i+4j
d 2i-5j e -2i - 5j
3 a 6i-8j b -12i+9j
¢ —4.51+ 6j d 5i+5j
e —4i+ 6] f 3/2i-5/2j
g -4/3i- 23 h -3/5i + 65§
4a 6i+12j b-7i+4 c-2i+6j d10i-13j
e 2i-3j f 461lms! g 4 h 25
5 a 5i+12j,13ms"! b 6i-5j,7.81ms"!
¢ -2i-5j,5.39ms! d -3i-2j,3.6lms!

e 7i+9j,11.4ms?
6 4.8i - 6.4
7 10.1m
8 2.03ms"!
9 a 2ti + (-500 + 31)j b 721 m
0 a 7+ (400 + 78)j, (500 - 31)i + 15¢j
b 350i + 750j
a (1+20i+3-1)),(5-21+(-2+4¢)
b 5.39km
a 121ms, 6.08ms! b 18i- 3j
¢ 15i-12j

12

Challenge
24 seconds

Chapter review 3

1 b (=3 + 0i + (10 + )j ¢ 424km d 1630
2 a p=64 q=(12 - 30i + (6 + 60)j

b 38.4km
¢ 13
3 a 3 b 10.2ms! ¢ 168.7°
4 a (-4i+ 2jjms? b 224N ¢ 26m
5 a 031° b a=6t,b =3t + (-10 + 5t)j
¢ 14:00 e 14:56
6 a 108° b (-2 + 9)i + (-4 - 31)j c 41,-23
7 a 124° b (3-28i+(-2+3t)j
¢ 112mst d t=1

@ Full worked solutions are available in SolutionBank.



8 a 9.85ms! b (3+40i+(2+91) 14 a R
¢ 6.5s d 7.46ms! A
9 a (5i+ 3j)kmh-!
b (10 +50i+ (15 + 3t)j, (16 + 12¢0)i + Eﬁj r fn\ Q7
d 05:25 b L &
10 a 2/61 b 39.8°(3s.f)
11 a 5 b 143.1° v
W
Challenge b 600N

— 'i. e 'l.jlj. B e
OB =31+ 3j or 331 + 3] )
Exercise 4B

CHAPTER 4 1a @Bi+2)N b | ZQJ?\I ¢ (i-3)N d | 33]31
Prior knowledge check 2 a i-8§ e b -5i+j o
1 a 5i-3j b —4i+4j 3 a=3.b=4
2 a 19.2cm b 38.7° 4 a i 5N i h3.1°
3 a 18ms! b 162m b i26N n11.3°
¢ i Vvi3N i 1237
Exercise 4A d i V2N 7135
1 R 2 T T b a i (2i-jN ii VBN iii 116.6°
A b i (Bi+4j)N 1ii 5N iii 036.9°
b a=2356=1
7 a=3b=-1
[ 1] | 8a p=2g=-6 b JION c 18°
9 a 63.4° b 3.5
v l 10 a a=3,b=2 h iV65N ii 30°
w ) Challenge
W a = 17.3 (3 s.f), magnitude of resultant force = 20N
3 4 R 5 T
A 4 Exercise 4C
1 0.3ms~?
> 2 392N
W rq : C) 3 25kg
4 1.6ms™
v 5 a 256N b 41.2N
W b 4 6 a 21kg(2sf) b 1.7kg(2s.f)
w 7 a 5.8mg? b 2.7ms?
6 Although its speed is constant, the satellite is 8 4N
continuously changing direction. This means that the 9 a 0.9ms? b 7120N ¢ 8560N
velocity changes. Therefore, there must be a resultant 10 a 0.5ms2 b 45N
force on the satellite. 11 a 3% b 256m
7 5N ¢ The resistive force is unlikely to be constant.
8 a 10N b 30N ¢ 20N
9 a 200N Challenge
b The platform accelerates toward the ground. a 29m(2sf) b 3.6ms?(2s.f)
10 p =50, q =40 ¢ 2.16s(3s.f)
11 P=10N, G =5N
12 a i 20N ii vertically upward Exercise 4D
b i 20N ii to the right 1 a (0.5i + 2j)ms2
13 a R b 2.06 ms? (3 s.f) on a bearing of 014°
A (to the nearest degree).
2 0.2kg
_ N\ 3 a (2li-9)N
R =L, 00N b 22.8N (3 s.f)on a bearing of 113°
(to the nearest degree).
v 4 a [—4if32j}n‘%s-2 b (Ci-2j) ms-?’-’l
W ¢ (H-3Zj)ms? d (—3i+ 6j) ms?
b 82400N 5 a V0.8125 msZ on a bearing of 146°
(to the nearest degree).
b 6.66s

6 R =(-ki+4kj)N
Sodk=3+qg(1),-k=2+p(2)and -4k =8 + 4p (3)
Adding equations (1) and (3) gives 4p + g + 11 =0



7 a b=6 b 6/2N
& 32 e d 75;2 -
8 a p=2,9g=—-6 b 25[;2 kg

9 0.86kg
10 a 5+¢9g=-2k(1),2+p=k(2)and 4 + 2p = 2k (3)
Adding equations (1) and (3) gives 2p + ¢ +9 =0
b 0.2kg

Challenge
k=8

Exercise 4E
1 a 4N b 0.8N
¢ Light = tension is the same throughout the length
of the string and the mass of the string does not
need to be considered. Inextensible = acceleration
of masses is the same.

2 a 10kg b 40N
3 a 2ms? b 14N
4 a 16000N
b i 880N upward ii 2400N downward
5 a 1800kg and 5400kg b 37000N
¢ Light = tension is the same throughout the length
of the tow-bar and the mass of the tow-bar does not
need to be considered. Inextensible = acceleration
of lorry and trailer is the same.
6 a 2.2ms? b 60N
7 a 4kg b 47.2N
8 a 6000N
b For engine, F = ma = 3200N
R(—) 12000 - 6000 — T = 3200, T'= 2800N
9 a R(—)1200- 100 - 200 =900N
F=ma,soa=900 + (300 +900) = 0.75ms?2
b 325N ¢ 500N

Exercise 4F
1 a 33.6N (3 s.f)
h 2.37ms1(3sf)
2.29m (3 s.f)
2mgN
o " —_ =, 1
For P: 2mg - kmg = zkmg
So2-k=zkand k=15
Smooth = no friction so magnitude of acceleration
is the same in objects connected by a taut
inextensible string.
d While @ is descending, distance travelled by P = s,
s =ut +3at? = s, =g x 1.82 = 0.54g
Speed of P at this time = ¢,

=u?+2as=0>=0%+ {2 X % x 0.54g| = 0.36¢°

g%
=l ~U

o]

After  hits the ground, P travels freely under
gravity and travels a further distance s..
2 =u?+ 2as = 0°=0.36¢% - 2gs, = 5, = 0.18g
Total distance travelled = s; + 52 = 0.54g + 0.18¢g
=(0.72gm
As particles started at same height P must be s,
metres above the plane at the start.
Maximum height reached by P above the plane
=0.729 +5,=0.72g + 0.54g=1.26gm

3 8 s=ut+5;0t?5025=0+3xax1.25% q=3.2ms>?

b 39N

=1

RO R A

160 ANSWERS

For A, R(]): mg - T = ma

T=m(9.8-3.2), T=6.6m

Substituting for 7: 39 = 6.6m
(i

.Tﬂ:ﬁ

Same tension in string either side of the pulley.

410
195

0.613ms2 (3 s.f)
27.6N (3 s.f)
39.0N (3 s.1))
i 2.84ms2(3s.1)
ii 2.84(15)=15¢-T
T=159-426=10.4N(3s.f)
iii 3.3N
Same tension in string either side of the pulley.

Chapter review 4

1 a 200g
A
600N () 1000N
< \_/ >
v
200g
b 2ms?
2 1000N (2 s.f) vertically downward
3 a 2000N b 36m
4 a 1.25ms? b 6N
5 Res(—)3R-R=1200x 2 = R=1200
Driving force = 3R = 3600N
6 (28i+ 4j) ms?
7 a=1;0=-3 :
8 a VHms? b 29 m
9 a a=-15b=12 «
b i 11.7ms?(3s.f)on a bearing of 039.8° (3 s.f))
ii 52.7m (3 s.f)
10 a 0.7ms?
b 770N
¢ 58m
d Inextensible = tension the same throughout, and the
acceleration of the car and the trailer is the same.
11 a R(—) 8000 -500-R=3600x 1.75, R =1200N
b 2425N
¢ 630N (2s.f)
12 a ;gms?
b 3.6ms!
¢ 2im
d i Acceleration both masses equal.
ii Same tension in string either side of the pulley.
13 a ZgN b m=12
14 a 3.2ms?
b 53N (2s.f)
¢ F=3.7(2s1)
d The information that the string is inextensible has
been use in part ¢ when the acceleration of A has
been taken to be equal to the acceleration of B.
15 a 105g-T=00a 1 T-04g=04a
4 1 - A A
b gN ¢ ggms? d 0.66s(2s.1)
Challenge
k=-3

@ Full worked solutions are available in SolutionBank.



Review exercise 1

1

2

o

w o~ v

a Constant acceleration
b Constant speed

¢ 30.5m
a r(ms')a
L
0 75 t(s)
< i it T
b 0.48ms2 ¢ T=250 d 375s
a 185s b 2480m
¢ s(m),
| ,
2320 - mme e , :
320 f----. , E |
0 20 165 185 1(s)
a 28ms! h 5.7s5(2s.f)
t=2andt=4
p=4y30and g =10
6&%111

a 0.693ms2(3s.f) b 7430N (3 s.f)
¢ i Rotational forces and air resistance can be
ignored.
ii The tension is the same at both ends
and its mass can be ignored.
a Ball will momentarily be at rest 25.6 m above A.
=y +2x98x25.6,u=224
b 4.64(3s.[) ¢ 6380(3s.1)
d v(ms'),

- \

0 2.3

4.6 t(s)

sl v ua s e T e

e Consider air resistance due to motion under gravity.
a 4.2ms>? b 3.4N(2s.f)
¢ 2.9ms-!(2s.f) d 069s(2s.f)
e i String has negligible weight.

ii Tension in string is constant i.e. same at A and B.
a 29IN(2s.f)

b 49ms—=?
c 0.21s(2s.f)
d Same acceleration for P and ().
12 a i 1050N ii 390N
b 3ms?
13 a 8697N b 351N ¢ 507N
14 a 63°
b 2+i=k(1)and 3 + p = 2k (2)
2x(1)=(2)s04+21=3+us02l-u+1=0
¢ 4.47 (3s.f)
15 a 17.5(1d.p.)
b 66°
¢ P=3i+12]
Q= 4i + 4j
16 a 8/2km b 2pm ¢ (3i+ 6j)km
17 a 5N b 7

18 m=50v3 +30,n=50
19 a (-75)2+1802 =195 > 150 = /902 + 1202

b Boat A: 6.5 m/s;: Boat B: 5 m/s: Both boats arrive at
the same time — it is a tie.

Challenge
1 t,=62.25,8,=311.15, t; = 46.7s (3 s.f))
Distance = 20.6 km (3 s.f)
2 a a=7.4ms? b 39N
¢ 13N d 55N (2s.f)
e Acceleration is the same for objects connected by a
taut inextensible string.

CHAPTERS

Prior knowledge check
1 (i+ 2jjms=2

2 a 16.55 b 25.02°

Exercise 5A

1ai 11.3N(3s.f)
ii 410N (3s.1)
iii (11.3i + 4.10j)N

b i ON
ii -5N
iii - 5jN
¢ i -5.14N(3sf)

ii 6.13N(3s.1)

iii (-5.14i + 6.13j)N
i -3.86N(3s.[)

ii 4.60N(3s.1)

iii (-3.86i-4.60))N
i -2N

ii 6.93N(3s.f)

i 8.13N(3s.f)

ii 10.3N(3s.f)

i (Pcosa +(Q—-Rsind)N
ii (Psina—Recos N

3 a 39.3N(3s.f)at an angle of 68.8° above the
horizontal
b 279N (3 s.f) at an angle of 16.2° above the
horizontal
¢ 3.01N (3 s.f)at an angle of 53.3° above the
horizontal
4 a B=304N,0=4.72°
b B=285N,6=29.8°

¢ B=139N,0=7.52°



&1

a ij 52 b 48N

20V2 N
36.3kg (3 s.£)
2Tsin60° + 20g = 80g

oo =] ™

_60g o
= Zsmé6o’ ~ 20V9Y

9 F,=12V3N,F, = 20N
Challenge
F, = (6v2 - V6N, F, = (2/3 - 2)N

Exercise 5B

1 a R
20°
39

b 27.6N (3s.f) ¢ 3.35msg2

2 a R
o0N
50
2g

b 424N (3sf) ¢ 5.1ms?

3 a 3.92N (3s.f) b 5.88ms2(3s.f)

4 a R

by
b 14.8N (3 s.f)
a 0.589kg (3 s.f) b 49ms?
0.296ms2 (3 s.f))
15.0N (3 s.f)
R(,7): 26 c0s45° — mgsina — 12 =m x 1

13V2 - 12 = m + ymg
m = % = 1.08kg (3 s.f)

2

oo =10

Challenge

a mgsind = ma and mgsin(¢ + 60°) = 4ma
4sin# = sin(f + 60°)
4sinf = sinfcos60° + cosfsin 60°

4sinr}:%:'-;inﬁ+%mﬁﬂ
T I 3 "
EsmH_T:.nsH
oV
tanf = -
b 13.9°

Exercise 5C

1 ai 3N
ii /= 3N and body remains at rest
b i 7N
ii F=7N and body remains at rest
¢c i 7N
ii F=T7N and body accelerates
iii 1ms~?
d i 6N
ii F=6N and body remains at rest
e i 9N
ii F=9N and body remains at rest in limiting
equilibrium
I i 9N
ii F=9N and body accelerates
iii 0.6ms?
g i 3N
ii /= 3N and body remains at rest
h i 5N
ii F=5N and body remains at rest in limiting
equilibrium
i 1 3N
ii /= 5N and body accelerates
iii 0.2ms?
j i 6N
ii F=6N and body accelerates
iii 1.22ms2(3 s.f)
k i 5N
ii F=5N and body accelerates
iii 3.85ms2(3s.f)
1 I 127N(3sf1)
ii The body accelerates.
iii 5.39ms2(3 s.f)
2 a R=88N,u=0083(2s.f)
b R=80679N, u=0.062(2s.f)
¢ R=118N, 1 =013(25f)
3 0.242 (3 s.f)
4 0.778N (3 s.1)
5 56.1N (3 s.f)
6 16.5N(3s.1)
7 a Usev=u+attofind a = -sms?
R(=): —pumg = —=m
=g
b The coefficient of friction remains unchanged. The
air resistance has no effect on the coefficient of
friction, which is dependent on the properties of the
wheels and the rails.
8 1.96ms?

Challenge
R(/): mgsina — pmgceos o = ma
gsina — ugcosa = a

Chapter review 5
1 a 32.0N(3s.f)
b 05ms*
2 F,=278N,F,=24.2N (3 s5.f)

@ Full worked solutions are available in SolutionBank.



20N

R

b 139N (3s.f)
¢ Res (/) 16 — 2gsin45° = 2a

16 - 2g5in45° .
- += 1.1ms=2 (2 s.f)

4 206ms2(3s.f)
5 R(—=): F=150co0s45° + 100cos 30°
— 15042 _ 10043
2 2

= 25(3v2 + 2/3)N
6 yu= ij;
7 114N
8 3.41ms2(3s.f)
9 a 4400N (2 s.f) b 0.59(2s.f)
¢ i e.g The force due to air resistance will not remain
constant in the subsequent motion of the car.
ii e.g. While skidding, the car is unlikely to travel in

a straight line.

Challenge

Fuyax = 0.2 x 400g cos15° = 760N (2 s.f))

Component of weight that acts down the slipway:

400g sin15" = 1000N (2 s.f.)

1000N > 760N so boat will come to momentary rest then
accelerate back down the slope.

The boat will take 6.9 seconds to reach the water.

CHAPTER 6

Prior knowledge check
1 2/17 N at 14° above i

2 a 5.5ms! b 6m
3 32N
Exercise 6A
1 30ms-! 2 2.5ms! 3 3ms-?
4 6.5ms! 5 2.59Ns (2 d.p.)
Exercise 6B
1 4ms!
2 %ms-l
3 4.5ms!
4 a sms! b 3Ns
5 a 1ms! and direction unchanged
b 15Ns
6 10
7 a %; direction reversed b 8mu
8 Larger 8ms-! and smaller 4ms-!
Omu
a 3 |
? 2
10 a 3ms! bh 4.5
11 a 4ms! in same direction
b 3ms!in opposite direction
12 a 3ms! b 6kg

Challenge

P l= 9mu, g Imu,
4 2

9mu, 3mu, 2,

Chapter review 6
1 a %a = ¢, direction reversed b 6mu

2 a 14ms! b 2 ms! ¢ 0.75mi(2s.l)

d e.g. The pile driver is likely to bounce slightly so the
particles will not coalesce; the pile driver is much
heavier than the pile so the particles will behave as
if they coalesce.

3 a 2000 b 36m

4 a 1.75ms! b 0.45Ns

5 a 25ms! b 15000Ns

6 a 0.7ms! b unchanged ¢ 8.25Ns

-

8 a 7.5ms! b 11000 (2 s.f)

¢ R could be modelled as varying with speed.

CHAPTER 7

Prior knowledge check

1 0.278 (3 5.£)
2 10.1N (3 s.f)) at an angle of 32.8° above the dashed line

Exercise TA
1 ai (-5cos30°=0
iii Q=433N P=25N
b i Pcosf+8sind40° -7cos35°=0
ii Psin# + 7sin35° - 8cos40° =0
iii 0=74.4° (allow 74.3°) P = 2.20N (allow 2.19)
¢c i 9-Pcos30°=0
ii )+ Psin30°-8=0
iii 0=280N P=104N
d i Qcos6b0®+becosdb®-—P=10
ii Osin60° - 6sin45° =0
iii =490N P=669N
e i 6cosd4b°-2cos60° -Psinf =0
ii 6s5in45° + 2sin60° — Pcos#-4=0
iii #=58.7° P=3.80N
f i 9cos40° +3 —Pcosf—-8sin20°=0
ii Psind + 9sin40° - 8cos20° =0
iii 4=13.6°P=7.36N
2 a i () ii

i P-5sin30°=0

@=4N,P=8N

_‘_
TN

il #=34.1°, P=5.04N



164 ANSWERS

3 a P=433N,Q=25N b P=7.07N,Q=7.07TN 5 a R(1): Tcos20°=2g + Tcos70°
¢ P=473N,Q?=420N d P=3.00N,Q=0.657TN _ 2g
e P=924N,Q=4.62N ~ cos20° — cosT0°
= 33N (2 s.f)
Challenge b 42N (2s.f)
6 Proof
7 Proof
8 Proof
9 Proof
CHAPTER 8
Prior knowledge check
1 a 13.1cm b 12.0cm
2 a 10.8N b 21.6N ¢ 7.8N(2s.f)
A -__ B ____C Exercise 8A
51:{18[]' ;_”]' ":,1,““3” =t snieS =) 1 a 6Nm clockwise b 10.5Nm clockwise
sina — sing _ siny ¢ 13Nm anticlockwise d ONm
2 a 10Nm anticlockwise b 30.5Nm anticlockwise
Exercise 7B ¢ 13.3Nm clockwise d 33.8Nm anticlockwise
1 35N (2 s.f) 3 a i 313.6Nm clockwise
2 a 20N b 1.77 ii 156.8 Nm anticlockwise
2 a 33.7° b 14.4 b Sign is a particle.
4 30N and 43N (2 s.f) SN I ,
E o EUAEN b 0.76kg i g r.’;;fm Nm anticlockwise d 36Nm anticlockwise
H ] i ]

¢ Assumption that there is no friction between the
string and the bead.

? a é-zﬁ-‘l E zﬁfw Exercise 8B
" e g : 1 a 5Nm anticlockwise b 13Nm clockwise
8 a F=19.6m,R=9.8m b FF=17m(2sf),R' =0 ¢ 19Nm anticlockwise d 11Nm anticlockwise
9 13.9N e 4Nm clockwise f 7Nm anticlockwise
10 39.2N 2 a 16Nm clockwise b 1Nm anticlockwise
11 a 15.7N (3 s.[) ¢ 10Nm clockwise d 7Nm clockwise
b 37.2N [3_5'“ , o & e 0.5Nm anticlockwise I 9.59Nm anticlockwise
¢ Assumption that there is no friction between the 5 Em
string and the pulley. 4 16

12 R=0.40N (2 s.1)

Exercise 7C

1 0.446 1 a 10N, 10N
250125 ¢ 12N, 8N
3 a 15N b Not limiting 2 a 75,175 b 30,35
4 a 40kg 3 0.5m
b The assumption is that the crate and books may be 4 59N
modelled as a particle. 5 31cm from the broomhead
5 a 11.9N b 6.40N 6 a 16.25N,13.75N
6 0.601 7 a 784N
7 a 13.3N b X=10.7N 8 a 122.5N
8 a 227N 9 a IT.=4W+8x30
b 9.97N down the plane 3
c p=0.439 5Tc=4W+ 240
9 a X=4438 b R=51.3N 9T, = 8W + 480
10 T=102 (3 s.f) T8y, 160
11 2.75 =T =< 3.87N 2 t”,':'-
12 0.758 b T,=%_-10
13 a 0.75 b 67.2N
Challenge

Chapter review 7
1 a 32.3°(3s.f)
2 a 18.0°(3s.f)

3 T,=1062N, T, = 1013N

4 a 12.25N
¢ Fwill be smaller

b 16.3N (3 s.f)
b 43.3N(3s.f)

Exercise 8C

=i~ ~

15N, 5N
12.6N,7.4N
c 245,2%

3.2m
0.625m
1.17m

750N

3kg, S5kg, 1kg, 2kg, 4kg (from left to right)

1

b 46.6N (3 s.f) 2

3

Exercise 8D

Ry=24N, Rz =3.6N
a 10gN
%m from A

b

3.5m from A

@ Full worked solutions are available in SolutionBank.



4 a 294N, 118N b 2.11m d Will not remain at rest. Fyyy = 15 000N and
5 a 160N b 2.77m component of weight down slope = 26 000N which
6 a 3m is greater.
b Centre of mass lies at the midpoint of the seesaw. 4 6.3Ns
¢ 2m toward Sophia. 5 a 1lbm
7 R-=5R; b Air resistance would result in a greater
R-+Rp=80+W deceleration.
R,=80+W 6 a 2.25ms!, direction unchanged
6 , b 1.5Ns
Tal-ung moments about A:6R-+ 20R, = 80 x 10 + 2 W T . D dmel b Dirsis vaenasy
' . 8 a A:22ms; B:3ms!
wzzgﬂ‘gx b mu=1.5Ns,my=11Ns
mu—-mov=04Ns
Exercise 8E ¢ 16Ns
15 9 3ms!
2 Zm 10 a 3.6kg b 18Ns
3 205m 11 a RI(1): TcnsBﬂ” =g + Tcosb0®
4 a C=15N,D=5N h 2x12+20x0.5 o ,zg_ (as required)
¢ 2.14m <z <4.78m Lo
5 25m b 366N [3 ‘;I']
6 a Taking moments about NV: ¢ There are no frictional forces acting on the bead.
mg x ON = 2mg x 2a so ON = 3a 12 a Resolving perpendicular to I,hF- slope:
b ZmgN = R =500gcosa and cosa = 52
2 So R = 480g (as required)
7 40N b 68gN
3 13 0256
Chapter review 8 14 Proof
1 a 105N b 140N 15 a 0.5¢g b 325m
¢ 1.03m to the right of D L . ; oS
2 a (1x150)+Wx-1)=1. -}( 3“; H’) 16 a Wmf“—‘ b E?—m =1.32m (3 s.f)
150 + Wx - W= 112.5 + 0.75W 17 Proof
37.5=1.75W- Wx
150 = TW - Wx chﬂllﬂﬂ.ge ; - _—
W = 150 1 Taking moments about B, in limiting equilibrium:
7-4x 0.4mgk = 0.4k x 100 + 1.2Fk
b 0 5;1:-—::& 12F = 4mg — 400, snF:%{mg— 100)N
3 a 40g h %= So in order for m to be lifted F > 1 (mg - 100)N
¢ i The weight acts at the centre of the plank. 2 Proof '
ii The plank remains straight. 3 3mpg-!
ili The man’s weight acts at a single point.
4 a 2.50x100=3.5W+ 150(3.5-1x) .
250 = 3.5W + 525 - 150x Exam-style practice
150x = 3.5W + 275 1 a 8 seconds b 0.3ms!
300x = TW + 550 2 a i thetrainis accelerating
b W=790-300x ¢ x=2.53 W=30 ii the train is moving with constant velocity
5 a 200N b 21cm iii the train is decelerating
6 a 36kg b 2.2m b 4.5 hours
7 a 19.6N h 5 ¢ 240km
8 tm 3 a 225m b : andi’g
9 a 125N b 1.8m 4 a 1/5gms2 12/5gN b Proof
10 a 10000 b 500kg =M = 2000kg 5 a Proof
¢ This model has the crane only able to lift weights of : 3;§iglt T —
500 kg at full extension, not very practical. d 255m (3 sf)
Challenge 6 a 7.46kmh-!(3s.f) b 4.72 hours
1 a 69.1N b 163N 7 a Proof
b Proof
Review exercise 2 ¢ 0.25gms? down the slope

1 19.8N (3 s.f)
2 R(N): Feos30° — 2gsin45° = 4

. "IF 4 + ‘gqg‘g ;L:F_—{&l + V2 g)N (as required)

3 a 144767N (to the nearpqt whole number)
b 0.10(2s.f)
¢ 0.74 seconds (2 s.f.)
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acceleration 10-38, 64-8
connected particles 71-2
constant 10-38
displacement-time graphs 11-13
due to gravity 4, 29, 64
equation of motion 64-71
on inclined planes 94-7
kinematics formulae 19-29
modelling assumptions 4
pulley systems 75-7
units 6, 40
as a vector 51, 68-71
velocity-time graphs 13-16

vertical motion under gravity 29-35

acceleration-time graphs 17-19
air resistance 4, 7
answers to exercises 158-68

assumptions, mathematical models 4-5

average speed 11-12
average velocity 11-12

bead model 4, 121, 123
bearings 40-2, 62, 68
buoyancy 7

C

centre of mass 4, 139-42, 143

coefficient of friction 98
calculating 100, 102, 126-7

collisions 108-13

column vectors, notation 63

compression 6

connected particles 71-4
pulleys 75-9

conservation of momentum 108-13

constant acceleration 10-38

coplanar forces 120, 135

D

deceleration 13, 20-1, 26-7
acceleration-time graphs 17-18
velocity-time graphs 14-16

directed line segment 42-5

displacement 11-13
kinematics formulae 19-29
units 6, 40
vectors 40-2
and velocity vectors 49-50

velocity-time graphs 13-16
displacement-time graphs 11-13
distance travelled 11-12, 40-2

kinematics formulae 19-29

and velocity vectors 49-50

velocity-time graphs 13-16
drag 7
dynamics 58-82

connected particles 71-9

force diagrams 59-61

forces and acceleration 64-8

forces as vectors 62-4, 68-71

motion in two dimensions 6871

Newton’s laws 59-61, 64-74, 107, 108

pulley systems 75-9

E

equation of motion 64-71
equilibrium 59, 62

limiting 98, 100, 125-30

modelling objects in 121-5

and moments 136-9

static 117-25

triangle of forces 92, 93, 117-18
exam practice paper 153-5

F

force diagrams 6-8, 94-7
dynamics 59-61
statics 121-5

forces 6-8, 59-68, 88-104
and acceleration 64-8

component in direction of motion 89

equation of motion 64-71
equilibrium 92, 93, 117-25
friction 6, 98-103, 125-30
impulse of 106-8

moments 132-48

resolving 59-61, 89-97, 117-20
as vectors 51, 62-4, 68-/1

see also resultant force
friction 6, 98-103, 125-30

G

glossary 156-7
gravity 4, 29-35, 64

H

horizontal surfaces 59, 89, 91

forces and acceleration 65-8, 71-4



forces and friction 98-102, 125-8
pulley systems 76-7, 79

i and j notation 45-9, 62-4
impulse 105-15

particle collisions 108-13
iImpulse-momentum principle 106-7, 108
inclined planes

resolving forces 94-7, 118, 120

rough 100, 102, 126-30

smooth 94-7, 121-2, 124-5
inextensible strings 71-9, 121-3

modelling assumptions 4, 5

K

kinematics formulae 19-29
using with vectors 51-3
vertical motion under gravity 29-35

L

lamina 4, 134, 136

Lami’s Theorem 120

lift 6

light object model 4, 5, 135-6
limiting equilibrium 98, 100, 125-30
limiting value 98

line segment 42-5

mass 4, 5, 6, 40
and acceleration 64-8
centre of 4, 139-42, 143
equation of motion 64-71
and momentum 106-13
mathematical models 1-9
assumptions 4-5
constructing 2-3
force diagrams 6-8, 59-61, 94-7, 121-5
objects on inclined planes 94-7
quantities and units 6, 7
statics 121-5
validity 2-4
moments 132-48
and centres of mass 139-42, 143
definition 133
equilibrium 136-9
lamina 134, 136
light rod 135-6
non-uniform rod 139-42, 143, 144
point of tilting 142-4
resultant moments 135-6
uniform rod 136-9, 142, 143-4

momentum 105-15
conservation of 108-13
impulse-momentum principle 106-7, 108
In one dimension 106-8
motion 10-38, 58-82, 105-15
equation of 64-71
Newton’s laws 59-61, 64-74, 107, 108
in two dimensions 68—71
vertical under gravity 29-35

newtons 6
Newton’s first law of motion 59-61
Newton’s second law of motion 64-71
Newton’s third law of motion 72-4, 107, 108
non-uniform rod 139-42

on point of tilting 143, 144
normal reaction 6, 59, 65-6, 91, 122

and friction 98, 99, 101-2

on inclined planes 94-5, 96

P

parallel vectors 42, 43, 48-9
parallelogram law of vector addition 43
particles 58-82, 116-31
acceleration 19-35, 51
collisions 108-13
connected 71-9
in equilibrium 57, 62, 92
forces acting on 51, 59-61, 91-4
on inclined planes 95-7, 100
In limiting equilibrium 98, 125-30
mass 64-5, 106
model 4, 5
momentum 106-13
position vectors 50-1
in static equilibrium 117-20, 123-5
velocity 14-15, 49-53, 106
vertical motion under gravity 29-35
peg model 4
pivots, point of tilting 142-4
position vectors 50-1
projectiles 29, 31-5
pulleys 4, 75-9
static 121-2, 124-5

R

resolving forces 59-61, 89-97
inclined planes 94-7, 118, 120
static particles 117-20

resultant, definition 42

resultant force 59-61, 68-71
and acceleration 64-8



static particles 117
vector addition 62-4, 91-2
vector forces 62-4, 68-71

resultant moments 135-6

retardation see deceleration

review exercises 83-7, 149-52
constant acceleration 35-8, 83-5, 87
dynamics 79-82, 84-7
forces and friction 103-4, 149
mathematical modelling 8-9, 84-5
moments 144-7, 152
momentum and impulse 113-14, 149-50
statics 130-1, 150-2
vectors 54-6, 85-6

rigid bodies 4, 117, 132-48

rods 4, 6, 135-44
connected particles 71-4
non-uniform 139-42, 143, 144
on point of tilting 1424
uniform 136-9, 142, 143-4

rotational forces 4
see also moments

rough surfaces 59, 98-103, 125-30
inclined planes 100, 102, 126-7, 128-30
mathematical models 4, 6

S

scalar quantities 40, 106
Sl units 6, 21
smooth surfaces 4, 98
inclined plane 94-7, 121-2, 124-5
speed 6, 11-12, 40
calculate using vectors 49-50, 51
and momentum 106-13
speed-time graphs 14-16
statics 116-31
and friction 125-30
mathematical models 121-5
resolving forces 117-20
static equilibrium 117-25
subtracting vectors 43, 47

suvat formulae see kinematics formulae

T

tension 6, 71-9, 121-3

thrust 6, 7

tilting 1424

time 6, 11-19, 40, 50-3

triangle of forces 92, 117-18, 119
triangle law of vector addition 42-3, 91-2

168 INDEX

U

uniform acceleration see constant acceleration

uniform body model 4
uniform rod 136-9
on point of tilting 142, 1434
unit vectors 45-9, 51, 62
units 6, 21, 106, 133

V

validity of mathematical models 2—4
vector equation of motion 68-71
vector quantities 40, 106
vectors 39-57
acceleration 51, 68-71
adding 42-5, 47, 48-9, 91-2
directed line segments 42-5
displacement 40-2
equation of motion 68-71
force 51, 62-4, 68-71
i and j notation 45-9, 62-4
magnitude 47
multiplication by a scalar 43
parallel 42, 43, 48-9
position 50-1
solving velocity and time problems 50-3
subtracting 43, 47
unit vectors 45-9
velocity 49-53
zero vector 57
velocity 6, 13-16, 19
acceleration-time graphs 17-19
displacement-time graphs 11-13
kinematics formulae 19-29
and momentum 106-13
particle collisions 108-13
of a particle as a vector 49-50
solving problems with vectors 50-3
velocity vectors 49-53
velocity-time graphs 13-16, 19
vertical motion 29-35

W

weight 6-7, 40, 59, 64
and friction 98-100
statics problems 121-5
uniform/non-uniform rods 136-44
wire model 4

Z

Zero vector 57
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